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Abstract— We study the multi-constrained Quality-of-Service
(QoS) routing problem where one seeks to �nd a path fr om
a source to a destination in the presenceof K � 2 additive
end-to-end QoS constraints. This problem is NP-hard and is
commonly modeled using a graph with n vertices and m edges
with K additive QoS parameters associatedwith eachedge.For
the case of K = 2, the problem has been well studied, with
several provably goodpolynomial time approximation algorithms
reported in the literatur e, which enforce one constraint while
approximating the other. We �rst focus on an optimization
version of the problem where we enforce the �rst constraint
and approximate the other K � 1 constraints. We present an
O(mn log log log n + mn=� ) time (1 + � )(K � 1)-approximation
algorithm and an O(mn log log log n + m( n

� )K � 1) time (1 + � )-
approximation algorithm, for any � > 0. When K is reducedto
2, both algorithms producean (1 + � )-approximation with a time
complexitybetter than that of the best-known algorithm designed
for this special case. We then study the decisionversion of the
problem, and present an O(m( n

� )K � 1) time algorithm which
either �nds a feasible solution or con�rms that there does not
exist a source-destinationpath whose�rst weight is bounded by
the �rst constraint and whose every other weight is bounded
by (1 � � ) times the correspondingconstraint. If there exists an
H -hop source-destinationpath whose�rst weight is bounded by
the �rst constraint and whoseevery other weight is bounded by
(1 � � ) times the correspondingconstraint, our algorithm �nds
a feasible path in O(m( H

� )K � 1) time. This algorithm improves
previousbest-known algorithmswith O((m + n log n)n=� ) time for
K = 2 and O(mn(n=� )K � 1) time for K � 2.

Index Terms— QoS routing, multiple additive constraints, ef-
�cient approximation algorithms.

1. INTRODUCTION

In the multi-constrainedQuality-of-Service(QoS) routing
problem, one seeks for a path from a source node to a
destinationnodethatsatis�esmultiple QoSconstraints,where
the constraintscould be cost, delay, and reliability of the
path [3], [11], [16], [17], [23]. We model the network by
a directed graph with n vertices and m edgeswhere the
verticesrepresentcomputers or routers andtheedgesrepresent
communicationlinks. Each edge has K weights associated
with it, representingthe edge cost, edge delay, and edge
reliability, etc.Weightsonedgescanbeextendedto weightson
pathsin a naturalway. If the edgeweightsrepresentcostand
delay, then the correspondingpath weight is the summation
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of the weightsof the edgeson the path. If the edgeweight
representsreliability, then the correspondingpath weight is
the product of the weights of the edgeson the path. Note
that the logarithm of the product of H positive numbersis
equalto thesumof the logarithmsof theH positive numbers.
Therefore, these QoS parametersare said to be additive.
QoS parameterssuchas bandwidthare known as bottleneck
parameterswhere the correspondingweight of a path is the
smallestof the weights of the edgeson the path [8], [23].
Problemsinvolving bottleneckQoSconstraintscanbe solved
ef�ciently by consideringonly thoseedgeswhoseweightsare
no lessthana chosenvalue.Problemsinvolving two or more
additive QoSconstraintshave beenshown to beNP-hard[23].
In this paper, we restrictour attentionto themulti-constrained
path problem(MCP) with K � 2 additive QoSparameters.

Due to its important applications,the MCP problem has
beenstudiedextensively. Most of the existing works concen-
trateon an optimizationversionof MCP for the specialcase
of K = 2, known as the delay-constrained least cost path
problem (DCLC) where the two edgeweights are cost and
delay, andoneseeksfor a least-costpathunderthe constraint
that the delay of the path is within a given delay constraint.
Warburton in [24] �rst developed a fully polynomial time
approximationscheme(FPTAS) [4] for theDCLC problemon
acyclic graphs.In [5], Ergunet al. presentedanFPTAS for the
caseof acyclic graphswith a time complexity of O(m( n

� )) .
For the problem on generalgraphs,Hassinin [9] presented
an FPTAS with a time complexity of O(mn( n

� ) log( n
� )) ,

where � is the approximationparameter. Lorenz and Raz
in [15] presenteda fasterFPTAS with a time complexity of
O(mn(log logn + 1=�)) . All theseFPTASs share the follow-
ing feature. Given a delay constraint D, an approximation
parameter� > 0, and a pair of source-destinationnodes,the
FPTASs �nd a source-destinationpathwhosedelayis at most
D and whosecost is no more than (1 + � ) times the cost
of the least-costdelay-constrained path, provided that there
is a source-destinationpath whosedelay is at most D. We
wish to emphasizethat if every source-destinationpath has
delaygreaterthenD, thenall thesealgorithmswill terminate
declaringthat the problemis infeasible.

Chen and Nahrstedt[3] studied the decision version of
the DCLC problem where we want to �nd a path which
satis�es both the delay constraint and the cost constraint.
They proposeda polynomial time heuristic algorithm based
on scaling and rounding of the delay parameterso that the
delay parameterof eachedgeis approximatedby a bounded
integer. For any given � > 0, if thereis a path whosecost is
within the cost constraintand whosedelay is within (1 � � )
times the delay constraint,the heuristicguarantees�nding a



MULTI-CONSTRAINED QOSROUTING 2

feasiblepath in O((m + n logn) n
� ) time.

In [32], Yuan presenteda limited granularity heuristic
and a limited path heuristic for the decisionversion of the
general MCP problem (K � 2) with a time complexity
of O(mn( n

� )K � 1). Similar to the algorithm of Chen and
Nahrstedt[3], Yuan's algorithm guarantees�nding a feasible
path,providedthatthereexistsasource-destinationpathwhose
�rst pathweight is boundedby the �rst constraintandwhose
every other path weight is boundedby (1 � � ) times the
correspondingconstraint.

Theaforementionedworksarecloselyrelatedto thecurrent
paper. Our resultscanbe viewed as improvements/extensions
of the works of Hassin[9], Lorenz and Raz [15], Chenand
Nahrstedt[3], andYuan[32].

Thereare many other works relatedto this topic. Most of
themdealwith the MCP problemwith two constraints.Goel
et al. [7] presentedan approximationalgorithmfor the single
sourceall destinationsdelaysensitiveroutesproblem.Givena
delayconstraintD, an approximationparameter� > 0, anda
sourcenode,the algorithm�nds a source-destinationpathfor
every destinationnodesuch that the delay of the path is no
morethan(1+ � )D andthecostof thepathis no morethanthe
cost of the delay-constrainedleastcost path for that source-
destinationpair. In otherwords,if the delay-constrained(path
delayboundedby D) leastcostpathhasacostof C(notethatC
cannotbe computedin polynomial time, unlessP = NP), the
algorithm computesa path whosecost is boundedby C and
whosedelay is boundedby (1 + � )D. The time complexity
of this algorithm is O((m + n logn)H=�), where H is the
hop-countof the longestcomputedpath.The authorsof [12],
[28], [29] proposedto use a linear combinationof the two
weights and presentedsimple algorithmsfor �nding a good
linearcombinationof thetwo weights.Liu et al. [14] proposed
a select-function-basedheuristic algorithm. Xiao et al. [27]
presenteda primal simplex approach.OrdaandSprintson[18]
presenteda precomputationschemefor QoSrouting with two
additive parameters.Guerin and Orda [8] presentedef�cient
approximationalgorithms for QoS routing with inaccurate
information. Orda and Sprintson[19] presentedef�cient ap-
proximationalgorithmsfor computinga pair of disjoint QoS
paths.

For the general MCP problem with K � 2, Korkmaz
and Krunz [13] proposeda randomizedheuristic for the
MCP problem. Van Mieghem et al. [21], [22] proposeda
self-adaptivemultiple constraints routing algorithm. Xue et
al. [30] presentedan FPTAS for an optimizationversionof
the K -constrainedQoS routing problem with a worst-case
running time fully polynomial, but not strongly polynomial
(the runningtime dependson the encodingsizeof the values
of link weights). In a recentpaper, Xue et al. [31] studied
the MCP problemwith K � 2 andpresentedan ef�cient K -
approximationalgorithm and an FPTAS. In the optimization
problemsstudiedin [31], all K constraintsare approximated,
with no constraint being enforced. This is different from the
commonpracticefor thecaseof K = 2, whereoneconstraint
is enforced,while the otherconstraintis approximated.

In this paper, we study an optimizationversion the MCP
problem with K � 2 (to be called OMCP), where the �rst

constraintis enforcedwhile theotherK � 1 constraintsareap-
proximated.Wealsostudythedecisionversionof theproblem,
where we seekfor a path which satis�es all K constraints.
We make the following contributions: (1) For the DCLC
problem, we presentan O(mn log log logn + mn=� ) time
(1 + � )-approximationalgorithm, improving the currentbest
O(mn log logn + mn=� ) time algorithm of [15]. (2) For the
OMCP problem,we presentan (1+ � )(K � 1)-approximation
algorithm with a time complexity of O(mn log log logn +
mn=� ), where� > 0 is any givenconstant.We alsopresentan
(1+ � )-approximationschemefor OMCP with a timecomplex-
ity of O(mn log log logn + m( n

� )K � 1). This contribution dif-
fersfrom thework of LorenzandRaz[15] in thatwedealwith
themoregeneralcaseof theMCP problemwith K � 2, while
LorenzandRaz [15] dealwith the DCLC problem,which is
equivalent to the specialcaseof OMCP with K = 2. Our
work alsodiffersfrom thatof Xueetal. [31] in thatweenforce
one constraintand approximatethe other K � 1 constraints,
while Xue et al. [31] approximateall K constraintswithout
enforcingany of the constraints.(3) For the decisionversion
of the problem,we presentan O(m( n

� )K � 1) time algorithm
which either �nds a feasiblesolution or con�rms that there
doesnotexist asource-destinationpathwhose�rst pathweight
is boundedby the �rst constraint and whose every other
path weight is boundedby (1 � � ) times the corresponding
constraint.If there exists an H-hop source-destinationpath
whose�rst pathweight is boundedby the �rst constraintand
whoseevery otherpathweight is boundedby (1� � ) timesthe
correspondingconstraint,our algorithm �nds a feasiblepath
in O(m( H

� )K � 1) time. This contribution improvespreviously
best-known O((m + n logn)n=� ) time algorithmof Chenand
Nahrstedt[3] for the specialcaseof K = 2 and previously
best-known O(mn(n=� )K � 1) time algorithmof Yuan[32] for
the generalcaseof K � 2. In otherwords,our algorithmhas
the sameperformanceguaranteewhile having a better time
complexity.

The restof this paperis organizedasfollows. In Section2,
we de�ne the problemsandsomenotations.In Section3, we
presentsomebasicresultsthatwill beusedin latersections.In
Section4, we presentour improvedapproximationschemefor
theDCLC problem.In Section5, we presentour (1+ � )(K �
1)-approximationalgorithm and our FPTAS for OMCP. In
Section6, we presentour algorithmfor thedecisionversionof
theMCP problem.In Section7, we presentnumericalresults.
We concludethis paperin Section8.

2. DEFINITIONS AND NOTATIONS

We usean integer constantK � 2 to denotethe number
of QoS parameters.Unlessspeci�ed otherwise,all constants,
functions,andvariablesareassumedto have real values. We
refer readersto [4], [26] for graph theoretic notationsnot
de�ned here. We refer readersto [4], [6] for de�nitions of
“NP-hard” and other conceptsin complexity theory that are
not de�ned here. We use the symbol 2 to denotethe end
of the descriptionof a de�nition/lemma/theorem,andusethe
symbol to denotethe endof the proof of a lemma/theorem.
All logarithmsarebase-2logarithms.



MULTI-CONSTRAINED QOSROUTING 3

Wemodelacomputernetwork by anedgeweighteddirected
graphG = (V; E ; ~! ), whereV is the set of n vertices, E is
the setof m edges, and~! = (! 1; : : : ; ! K ) is an edge weight
vector so that ! k (e) � 0 is the kth weight of edgee, 8 e 2
E; 1 � k � K . For a path � in G, the k th weight of � ,
denotedby ! k (� ), is thesumof thek th weightsover theedges
on � : ! k (� ) ,

P
e2 � ! k (e). We studythe following Decision

versionof the Multi-ConstrainedPath problem(DMCP).
De�nition 2.1 (DMCP(G; s; t; K ; ~W ; ~! )): INSTANCE: An

edgeweighteddirectedgraph G = (V; E ; ~! ), with K non-
negative real-valued edge weights ! k (e); 1 � k � K ,
associatedwith eachedgee 2 E; a constraintvector ~W =
(W1; : : : ; WK ) whereeachWk is a positive constant;and a
source-destinationnodepair (s; t). QUESTION: Is thereans–t
path � suchthat ! k (� ) � Wk ; 1 � k � K ? 2

In the above de�nition, the inequality ! k (� ) � Wk

is called the kth QoS constraint. An s–t path � satisfy-
ing all K QoS constraintsis called a feasible path or a
feasible solution of DMCP(G; s; t; K ; ~W ; ~! ). We say that
DMCP(G; s; t; K ; ~W ; ~! ) is feasibleif it hasa feasiblepath,
andinfeasibleotherwise.WemaysimplyuseDMCP to denote
DMCP(G; s; t; K ; ~W ; ~! ), if no confusioncanbe caused.The
DMCP problemis known to be NP-hard[6], [23], even for
the caseof K = 2. We will alsoconsidera tightenedversion
of DMCP, de�ned in the following, for a given � 2 (0; 1).

De�nition 2.2 (DMCP� (G; s; t; K ; ~W ; ~! )): INSTANCE: A
constant� 2 (0; 1), an edgeweighteddirectedgraph G =
(V; E ; ~! ), with K nonnegative real-valued edge weights
! k (e); 1 � k � K , associatedwith each edge e 2 E; a
constraintvector ~W = (W1; : : : ; WK ) where eachWk is a
positive constant;and a source-destinationnode pair (s; t).
QUESTION: Is thereans–t path� suchthat ! 1(� ) � W1 and
! k (� ) � (1 � � )Wk ; 2 � k � K ? 2

An s–t path � satisfying the above K QoS con-
straints is called a feasible path or a feasible solution of
DMCP� (G; s; t; K ; ~W ; ~! ). The DMCP� problemis also NP-
hard,as it is equivalent to the DMCP problem.

In Section6, we will presenta polynomial time algorithm
which either�nds a feasiblesolutionof DMCP or veri�es that
DMCP� is infeasible,for any given constant� 2 (0; 1).

We alsostudytheOMCP problem,anOptimizationversion
of MCP, which is de�ned in the following.

De�nition 2.3 (OMCP(G; s; t; K ; ~W ; ~! )): INSTANCE: An
edgeweighteddirectedgraph G = (V; E ; ~! ), with K non-
negative real-valued edge weights ! k (e); 1 � k � K ,
associatedwith eachedgee 2 E; a constraintvector ~W =
(W1; : : : ; WK ) whereeachWk is a positive constant;and a
source-destinationnode pair (s; t). PROBLEM : Find an s–t
path � such that max2� k � K

! k ( � )
W k

is minimized, subject to
the constraint! 1(� ) � W1. 2

We use � OMCP to denote an optimal solution (also
calledan optimal path) to OMCP(G; s; t; K ; ~W ; ~! ), and call
max2� k � K

! k ( � OMCP )
W k

(denotedby � OMCP) the optimal value
of OMCP(G; s; t; K ; ~W ; ~! ).

A � -approximation algorithm for a minimization problem
is an algorithm that, for any instanceof the problem,�nds a
solutionwhosevalue is at most � times the optimal valueof

the instance,in time boundedby a polynomialin theencoding
sizeof the instance[6]. A � is called a fully polynomial time
approximationscheme(FPTAS), if for any �x ed � > 0, A � is
an (1 + � )-approximationalgorithm whoserunning time is a
polynomial in the encodingsizeof the instance,and in 1

� .
WhenK = 2, theOMCP problembecomesthewell-known

Delay-ConstrainedLeast-Cost path problem(DCLC). In this
case,for an edgee 2 G, ! 1(e) denotesthe delay of e and
! 2(e)=W2 denotesthecostof e. We areseekinga leastcosts–
t pathin G with pathdelaynomorethanW1. AlthoughDCLC
is a special caseof OMCP, in this paper, we use slightly
differentnotationsto de�ne the DCLC problem.We will use
� (e) (rather than ! 1(e)) to denotethe delay of edgee, use
� (e) (ratherthan! 2(e)=W2) to denotethecostof edgee, and
useD (ratherthanW1) to denotethe delayconstraint. These
notationshelp simplify the presentationof our algorithmsfor
OMCP (in Section5) wherewe needto transformaninstance
of OMCP to an instanceof DCLC such that � (e) = ! 1(e),
D = W1, and � (e) = max2� k � K

! k (e)
W k

.
De�nition 2.4 (DCLC(G; s; t; D; � ; � )): INSTANCE: An

edgeweighteddirectedgraph G = (V; E ; � ; � ) where each
edge e 2 E is associatedwith a nonnegative real-valued
delay� (e) anda nonnegative real-valuedcost� (e); a positive
constantD (the delay constraint); and a source-destination
node pair (s; t). PROBLEM : Find an s–t path � such that
� (� ) ,

P
e2 � � (e) is minimized, subject to the constraint

� (� ) ,
P

e2 � � (e) � D. 2
An s–t path � in G is called a D-delay-constraineds–t

path if � (� ) � D. DCLC seeksfor a least-costD-delay-
constraineds–t path, which we denoteby � DCLC. We also
use� DCLC to denote� (� DCLC) andcall it theoptimalvalueof
DCLC(G; s; t; D; � ; � ).

In Section4, wewill presentanO(mn log log logn+ m( n
� ))

time FPTAS for DCLC. In Section 5, we will presentan
O(mn log log logn+ m( n

� )) time(1+ � )(K � 1)-approximation
algorithm and an O(mn log log logn + m( n

� )K � 1) time FP-
TAS for OMCP. Our approximationalgorithm and FPTASs
for OMCP(G; s; t; K ; ~W ; ~! ) and for DCLC need to solve
instancesof the following two restrictedversionsof DMCP,
denotedby MCPP andMCPN, respectively.

De�nition 2.5 (MCPP(G; s; t; K ; D; C; ~! )): INSTANCE:
An edge weighted directed graph G = (V; E ; ~! ), with K
nonnegative edgeweights! k (e); 1 � k � K , associatedwith
eachedgee 2 E such that ! k (e) is a positive integer for
e 2 G andk = 2; : : : ; K ; a positive constantD anda positive
integer constantC; and a source-destinationnodepair (s; t).
QUESTION: Is therean s–t path � suchthat ! 1(� ) � D and
! k (� ) � C; 2 � k � K ? 2

De�nition 2.6 (MCPN(G; s; t; D; C; � ; � )): INSTANCE: An
edgeweighteddirectedgraphG = (V; E ; � ; � ), with nonnega-
tive real-valued weight � (e) and nonnegative integer-valued
weight � (e) associatedwith each edge e 2 E; a positive
constantD and a positive integer constantC; and a source-
destinationnodepair (s; t). QUESTION: Is therean s–t path
� suchthat � (� ) � D and � (� ) � C? 2

In MCPP, the edgeweights ! 2; : : : ; ! K all take positive
integer-values, D correspondsto W1 in DMCP, and C cor-
respondsto W2; : : : ; Wk (with equal values) in DMCP. In
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MCPN, the edgeweight � takesnonnegative integer-values.
Beforemoving on, we usethe simplenetwork in Fig. 1 to

illustrate the concepts(DMCP, OMCP andDMCP� ) de�ned
in this section.In this network an edgee has K = 3 QoS
parameters(! 1(e); ! 2(e); ! 3(e)) . Assume(W1; W2; W3) =
(3; 5; 7). DMCP is infeasible,asis DMCP� for any � 2 (0; 1).
OMCP has an optimal value � OMCP = 9

7 with s ! y ! t
as the only optimal path. If we changethe constraintsto
(W1; W2; W3) = (5; 6; 11), then all three pathsare feasible
for DMCP. In this case,OMCP hasan optimal valueof 5

11 ,
with s ! z ! t astheonly optimalpath.Thepaths ! y ! t
is not a feasiblesolution of DMCP� for any � 2 (0; 1). The
path s ! x ! t is a feasiblesolution of DMCP� for any
� 2 (0; 1=11]. The path s ! z ! t is a feasiblesolution of
DMCP� for any � 2 (0; 6=11].

s y t

x

z(1, 1, 2)

(2, 1, 5) (1, 4, 5)

(2, 3, 5) (1, 3, 4)

(4, 1, 3)

Fig. 1. A network where each edge e has 3 QoS parameters
(! 1 (e); ! 2 (e); ! 3 (e)) . s is the sourcenodeandt is the destinationnode.

Note that in theproblemsDMCP, OMCP andDMCP� , we
are enforcingthe �rst constraint! 1(� ) � W1. Thereforewe
assumethroughoutthis paperthat thereexists an s–t path �
suchthat ! 1(� ) � W1 (� (� ) � D in thecaseof DCLC). This
conditioncanbeveri�ed in O(m + n logn) time by Dijkstra's
shortestpathalgorithmusing! 1 asthemetric.We alsoassume
that s 6= t. Table1 lists frequentlyusednotations.

TABLE 1

FREQUENTLY USED NOTATIONS

K numberof additive QoSparameters
s; t sourceanddestinationnodes
~! = (! 1 ; : : : ; ! K ) edgeweight vector
~W = (W1 ; : : : ; WK ) the K QoSconstraints
� (e); � (e) edgedelay, andedgecost (usedin DCLC)
MCP multi-constrainedpathproblem
OMCP(G; s; t; K ; ~W ; ~! ) optimizationversionof MCP
� OMCP ; � OMCP optimal pathandvalueof OMCP
DMCP(G; s; t; K ; ~W ; ~! ) decisionversionof MCP
DMCP� (G; s; t; K ; ~W ; ~! ) tightenedversionof DMCP
DCLC(G; s; t; D ; � ; � ) the DCLC problem
� DCLC; � DCLC optimal pathandvalueof DCLC
MCPP(G; s; t; K ; D ; C; ~! ) DMCP w. ! k (e) positive integers,k > 1
MCPN(G; s; t; D ; C; � ; � ) DMCP w. � (e) nonnegative integers
PseudoMCPP algorithmfor solving MCPP
PseudoMCPN algorithmfor solving MCPN
TESTP approximatetestingw. PseudoMCPP
TESTN approximatetestingw. PseudoMCPN

3. EXACT ALGORITHMS FOR MCPP AND MCPN,
SCALING AND ROUNDING, AND APPROXIMATE TESTING

In this section,we presentsomebuilding blocks that will
be usedin later sections.Theseinclude an O(mCK � 1) time
algorithm for MCPP, an O((m + n logn)C) time algorithm
for MCPN, two scalingandroundingtechniquesandtheir cor-
respondingpolynomial time approximatetestingprocedures.

A. A Pseudo-PolynomialTime Algorithm for MCPP

We �rst present an O(mCK � 1) time algorithm for
MCPP(G; s; t; K ; D; C; ~! ). The algorithm is named Pseu-
doMCPP and listed asAlgorithm 1. Whenthe MCPP prob-
lem is feasible,our algorithmoutputsYES, togetherwith an
s–t path � such that ! 1(� ) � D and ! k (� ) � C; 2 � k �
K . When the MCPP problem is infeasible, our algorithm
outputsNO. This algorithmis well-known andhasbeenused
in [7] and [15] in the caseof K = 2. We provide a formal
presentationfor the sake of completeness.It is assumedthat
at eachvertex v 2 V , there is a (K � 1)-dimensionalarray
d[c2; : : : ; cK ] (where ck 2 f 0; 1; : : : ; Cg) which is used to
hold the least delay (measuredby ! 1) amongs–v paths �
such that ! k (� ) � ck ; 2 � k � K . At eachvertex v 2 V ,
thereis alsoa (K � 1)-dimensionalarray� [c2; : : : ; cK ] which
holds the predecessorof v on the s–v path � such that
! 1(� ) = d[c2; : : : ; cK ] and ! k (� ) � ck ; 2 � k � K . In
the descriptionof the algorithm,we will used[v; c2; : : : ; cK ]
and � [v; c2; : : : ; cK ] to denotethe two arraysat nodev.

Algorithm 1 PseudoMCPP(G; s; t; K ; D; C; ~! )
1: for ck := 0 to C; 2 � k � K do
2: d[v; c2; : : : ; cK ]:= 1 , � [v; c2; : : : ; cK ]:= null,8 v 2 V ,

d[s; c2; : : : ; cK ] := 0.
3: end for
4: for all (c2; : : : ; cK ) 2 f 0; 1; : : : ; CgK � 1 in increasing

lexicographicorderdo
5: for each(u; v) 2 E s.t. bk , ck � ! k (u; v) � 0; 2 �

k � K do
6: if (d[v; c2; : : : ; cK ]>d[u; b2; : : : ; bK ]+ ! 1(u; v)) then
7: d[v; c2; : : : ; cK ]:= d[u; b2; : : : ; bK ]+ ! 1(u; v),

� [v; c2; : : : ; cK ]:= u.
8: end if
9: end for

10: end for
11: if (d[t; C; : : : ; C] > D) then
12: output NO andstop: MCPP is infeasible.
13: end if
14: Find the smallestinteger c � C s.t. d[t; c; : : : ; c] � D.
15: output YES and an s–t path � s.t. ! 1(� ) � D and

! k (� ) � c; 2 � k � K ;
16: stop: Path � is feasiblefor MCPP.

Lemma3.1: The worst-case time complexity of Algo-
rithm 1 is O(mCK � 1). If MCPP(G; s; t; K ; D; C; ~! ) is
feasible, the algorithm computes a feasible path � for
MCPP(G; s; t; K ; D; c;~! ) where c is the smallest non-
negative integer less than or equal to C such that
MCPP(G; s; t; K ; D; c;~! ) is feasible. 2
PROOF. The for-loop in lines 1-3 takes O(nCK � 1) time to
initialize the table entries. The inner for-loop in lines 5-9
spendsO(m) time for thecorrespondingtuple (c2; : : : ; cK ) 2
f 0; 1; : : : ; CgK � 1, trying to updatetheentriesd[v; c2; : : : ; cK ]
and � [v; c2; : : : ; cK ]. Hencethe total time spentby the outer
for-loop in lines 4-10 is boundedby O(mCK � 1). The if-
statementin lines11-13takesconstanttime. Lines14-16take
O(C+ n) time. Thereforethe time complexity of Algorithm 1
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is O(mCK � 1). We prove thecorrectnessof thealgorithmnext.
We call ans–v path� a (c2; : : : ; cK )-constraineds–v path,

if ! k (� ) � ck for 2 � k � K . We call an s–v path
� a (c2; : : : ; cK )-constrained shortest s–v path, if � is a
(c2; : : : ; cK )-constraineds–v pathand! 1(� ) � ! 1(� 0) for any
(c2; : : : ; cK )-constraineds–v path� 0. The for-loop in lines 4-
10 computesa (c2; : : : ; cK )-constrainedshortests–v path for
eachv 2 V andeach(c2; : : : ; cK ) 2 f 0; 1; : : : ; CgK � 1 (where
the length is storedin d[v; c2; : : : ; cK ] andthe predecessorof
v on this path is storedin � [v; c2; : : : ; cK ]).

Recall that in the MCPP problem, ! k (e) is a positive
integer for each edge e and 2 � k � K . Therefore if
� is a (c2; : : : ; cK )-constrainedshortests–v path (measured
in ! 1(� )) and that u is the predecessorof v on the path,
we must have ! k (� u ) = ! k (� ) � ! k (u; v) < ! k (� ) for
2 � k � K , where� u is the subpathof � from s to u. Since
the outer for-loop in lines 4-10 loopsover all (c2; : : : ; cK ) 2
f 0; 1; : : : ; CgK � 1 in increasinglexicographicorder, the inner
for-loop in lines 5-9 correctly computesthe (c2; : : : ; cK )-
constrainedshortests–v path,sincebeforethe relaxationfor
edge (u; v) is performed(for the chosen(c2; : : : ; cK )), the
(b2; : : : ; bK )-constrainedshortests–u path has alreadybeen
correctly computed.ThereforeMCPP(G; s; t; K ; D; C; ! ) is
feasibleif andonly if d[t; C; : : : ; C] � D at theendof theouter
for-loop of thealgorithm.WhenMCPP(G; s; t; K ; D; C; ! ) is
feasible,lines 14-16of the algorithm�nd the smallestinteger
c � C such that MCPP(G; s; t; K ; D; c; ! ) is feasible and
outputs the correspondingpath. This proves the correctness
of Algorithm 1.

B. A Pseudo-PolynomialTime Algorithm for MCPN

We now presentan O((m + n logn)C) time algorithm
for MCPN. The algorithm, namedPseudoMCPN, is listed
as Algorithm 2. When the MCPN problem is feasible,our
algorithm outputs YES, togetherwith an s–t path � such
that � (� ) � D and � (� ) � C. When the MCPN problem
is infeasible,our algorithm outputs NO. The arrays d[v; c]
and � [v; c] are similarly de�ned as in PseudoMCPP. The
separationof relaxationsof edgeswith positive cost (lines 5-
9) from relaxationsof edgeswith zerocost(lines10-17)makes
thealgorithmvery fastin practice.Theideaof PseudoMCPN
is also well-known, and hasbeenusedin [3], [7]. We list it
herefor thesake of completeness.We will seelater thatnovel
combinationsof PseudoMCPP and PseudoMCPN lead to
our new algorithmswith improved time complexities.

Lemma3.2: The worst-casetime complexity of Pseu-
doMCPN is O((m + n logn)C). If MCPN(G; s; t; D; C; � ; � )
is feasible, the algorithm computes a feasible path �
for MCPN(G; s; t; D; c; � ; � ) where c is the smallest non-
negative integer less than or equal to C such that
MCPN(G; s; t; D; c; � ; � ) is feasible. 2

PROOF. The for-loop in lines 1-3 of the algorithm spends
O(nC) time to initialize thearrays.Theouterfor-loop in lines
4-20of thealgorithmloopsthevaluec from 0 to Cto compute
the table entriesfor d[v; c] and � [v; c]. For eachvalue of c,
we �rst spendO(m) time performing relaxationsvia edges
(u; v) with � (u; v) > 0. We thenperformrelaxationson edges

Algorithm 2 PseudoMCPN(G; s; t; D; C; � ; � )
1: for c := 0 to C do
2: d[v; c] := 1 ; � [v; c] := null; 8 v 2 V . d[s; c] := 0.
3: end for
4: for c := 0 to C do
5: for each (u; v) 2 E s.t. � (u; v) > 0 and b , c �

� (u; v) � 0 do
6: if (d[v; c] > d[u; b] + � (u; v)) then
7: d[v; c] := d[u; b] + � (u; v), � [v; c] := u.
8: end if
9: end for

10: Constructan auxiliary graphGc(V c; E c; � ), whereV c

is thesameasV , E c containsall edgese 2 E suchthat
� (e) = 0 (with thesameweight � (e) asin G). For each
v 2 V nf sg suchthat d[v; c] < 1 , E c alsocontainsan
edge(s; v) with weight � (s; v) = d[v; c].

11: Apply Dijkstra's shortestpath algorithm to compute
shortestpaths from s to all other nodesin Gc, with
respectto weightsde�ned below.

12: for all v 2 V do
13: Let d0[v; c] denotetheweightof theshortests–v path

in Gc. Let � 0[v; c] denotethepredecessorof v on the
shortests–v path in Gc.

14: if d[v; c] > d0[v; c] then
15: d[v; c] := d0[v; c], � [v; c] := � 0[v; c].
16: end if
17: end for
18: if (d[t; c] � D) then
19: output YES and the s–t path � s.t. � (� ) � D and

� (� ) � c; stop: Path � is feasiblefor MCPN.
20: end if
21: end for
22: output NO andstop: MCPN is infeasible.

(u; v) with � (u; v) = 0. This roundof relaxationsis performed
in a non-decreasingorder of d[u; c], and is accomplishedin
O(m + n logn) time by applyingDijkstra's algorithmon the
auxiliary graphGc. At this time, the table entriesd[v; c] and
� [v; c] arecorrectlycomputed.Thereforethealgorithmsolves
the MCPN problemin O((m + n logn)C) time.

C. Scaling, Rounding, PolynomialTime ApproximateTesting

In this section, we describe the scaling, rounding, and
polynomial time approximatetestingprocedureusedby Has-
sin [9] for DCLC. We also describea scaling,roundingand
polynomial time approximatetesting procedurefor OMCP
that wasusedby LorenzandRaz [15] (for DCLC).

For a given positive real number � and an instanceof
DCLC(G; s; t; D; � ; � ), we constructanauxiliary graphG�

N =
(V; E ; � ; � �

N ) which is the sameas G = (V; E ; � ; � ) except
that the edgeweight � is changedto � �

N such that for each
edgee 2 G, � �

N (e) = b� (e) � � c. For given real numbers
C > 0 and � 2 (0; n � 1], we de�ne TESTN (C; � ) = YES
if MCPN(G�

N ; s; t; D; bn � 1
� c; � ; � �

N ) is feasible (where � =
n � 1
C �� ) and de�ne TESTN (C; � ) = NO otherwise.This is the
roundingandapproximatetestingtechniqueusedby Hassin[9]
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for DCLC, and can be implementedusing PseudoMCPN.
Using the techniquesof [9], [10], [20], one can prove the
following lemma(proof in AppendixA).

Lemma3.3: Let � DCLC be the optimal value of
DCLC(G; s; t; D; � ; � ). Let C and � be two �x ed positive
numberssuchthat 0 < � � n � 1. Then

� TESTN (C; � ) = YES implies � DCLC < C � (1 + � );
� TESTN (C; � ) = NO implies � DCLC > C.

TESTN (C; � ) hasO((m + n logn) n
� ) time complexity. 2

For a given positive real number � and an instanceof
OMCP(G; s; t; K ; ~W ; ~! ), we construct an auxiliary graph
G�

P = (V; E ; ~! �
P ) which is the same as G = (V; E ; ~! )

except that the edge weight vector ~! is changedto ~! �
P

such that for each e 2 G, ! �
P 1(e) = ! 1(e), ! �

P k (e) =
b! k (e) � �

W k
c + 1, 2 � k � K . For given real numbersC > 0

and � 2 (0; n � 1], we de�ne TESTP (C; � ) = YES if
MCPP(G�

P ; s; t; K ; D; bn � 1
� c+ n � 1; ~! �

P ) is feasible(where
� = n � 1

C �� ) and de�ne TESTP (C; � ) = NO otherwise.This
is a generalizationof the rounding and approximatetesting
techniquefor DCLC usedby Lorenz and Raz [15], and can
be implementedusing PseudoMCPP. Using the techniques
of [15], one can prove the following lemma (proof in Ap-
pendixB).

Lemma3.4: Let � OMCP be the optimal value of
OMCP(G; s; t; K ; ~W ; ~! ). Let C and � be two �x ed
positive numberssuchthat 0 < � � n � 1. Then

� TESTP (C; � ) = YES implies � OMCP < C � (1 + � );
� TESTP (C; � ) = NO implies � OMCP > C.

TESTP (C; � ) hasO(m�(maxf n
� ; ng)K � 1) timecomplexity.2

WhenTESTP is appliedto DCLC (equivalentto thespecial
caseof OMCP with K = 2), we adopt the convention that
! �

P 1(e) = � (e), ! �
P 2(e) = b� (e) � � c + 1; 8 e 2 E. Note also

that � OMCP = � DCLC in this case.Both TESTN and TESTP

work for any positive constant� � n� 1. The time complexity
of TESTN (C; � ) can be made as low as O(m + n logn)
by increasingthe value of � . However, the time complexity
of TESTP (C; � ) cannotbe madelower than O(mnK � 1) by
increasingthe valueof � . For the caseof K = 2 in particular,
if we use � = (log n)2, TESTN has a time complexity of
O( mn

log n ), while TESTP has a time complexity of O(mn).
If we set � � 1, TESTP hasa time complexity of O( mn

� ),

while TESTN hasatimecomplexity of O( mn + n 2 log n
� ). These

observationsleadto our improved FPTAS for DCLC usinga
novel combinationof existing techniques.

4. AN IMPROVED FPTAS FOR DCLC

The best-known FPTAS for DCLC is due to Lorenz
and Raz [15], which has a worst-case running time
of O(mn log logn + mn=� ) for computing an (1 + � )-
approximation for any given � > 0. Their scheme�rst
spends O(mn log logn) time to compute a lower bound
LB and an upper bound UB of � DCLC such that LB �
� DCLC � UB � 4LB. It then spendsO(mn=� ) time to
compute an (1 + � )-approximation of DCLC by solving
MCPP(G� ; s; t; 2; D; bUB�(n � 1)

LB�� c+ n� 1; � ; � �
P ) with � = n � 1

LB�� .
In thissection,weuseanovel combinationof thetechniques

of Hassin[9] and the techniquesof Lorenz and Raz [15] to

obtaina new FPTAS for DCLC, listed asAlgorithm 3 below,
with a time complexity of O(mn log log logn + mn=� ).

Algorithm 3 FPTAS-DCLC(G; s; t; D; � ; � )
1: Find the smallestc 2 f � (e) j e 2 Eg suchthat any s–t

path � with � (� ) � D must containat leastone edgee
with � (e) � c. SetLB[0] := c, UB[0] := c� n, Set i := 0.

2: Set � N := (log n)2.
3: while UB[i ] � 2 � (1 + � N ) � LB[i ] do

4: Let C :=
q

LB [ i ] � UB[ i ]

1+ � N
.

5: if TESTN (C; � N ) = YES then
6: UB[i +1] := C�(1 + � N ); LB[i +1] := LB[i ].
7: else
8: UB[i +1] := UB[i ]; LB[i +1] := C.
9: end if

10: i := i + 1.
11: end while
12: Set � P := 1.
13: while UB[i ] � 2 � (1 + � P ) � LB[i ] do

14: Let C :=
q

LB [ i ] � UB[ i ]

1+ � P
.

15: if TESTP (C; � P ) = YES then
16: UB[i +1] := C�(1 + � P ); LB[i +1] := LB[i ].
17: else
18: UB[i +1] := UB[i ]; LB[i +1] := C.
19: end if
20: i := i + 1.
21: end while
22: SetLB := LB[i ]; UB := UB[i ].
23: Set � := n � 1

LB�� . Apply Algorithm 1 to MCPP(G�
P ; s; t; 2;

D; bUB(n � 1)
LB� c + n � 1; � ; � �

P ) to computea path � .
output � asan (1 + � )-approximationof DCLC.

Thebasicideaof FPTAS-DCLC is asfollows. First, in line
1, we spendO(m logn + n(log n)2) time to obtainan initial
lower bound LB and an initial upper bound UB of � DCLC

such that LB � � DCLC � UB � nLB using the technique
of Lorenz and Raz [15]. Second,in lines 2-11, we spend
O(mn) time to re�ne the pair of lower and upper bounds
such that LB � � DCLC � UB � 2(1 + (log n)2)LB using
the techniqueof Hassin[9]. This is accomplishedby repeated
applicationsof TESTN with � set to (log n)2). Note that
Hassin[9] used� = � (a small value) in TESTN , while we
use � = (log n)2 (a large value) in TESTN to achieve the
reducedtimecomplexity. Notethatwith � = (log n)2, TESTN

hasa lower time complexity thanTESTP . Third, in lines 12-
21, we spendO(mn log log logn) time to further re�ne the
pair of lower and upper boundssuch that LB � � DCLC �
UB � 4LB using the techniqueof LorenzandRaz [15]. This
is accomplishedby repeatedapplicationsof TESTP with �
set to 1. Note that with � = 1, TESTP has a lower time
complexity than TESTN . Finally, in lines 22-23, we spend
O(mn=� ) time to computean(1+ � )-approximationof DCLC
using the techniqueof LorenzandRaz [15].

Theorem4.1: For any given � > 0, Algorithm 3 com-
putes an s–t path � that is an (1 + � )-approximationof
DCLC(G; s; t; D; � ; � ) in O(mn log log logn + mn=� ) time.2
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PROOF. In line 1 of the algorithm,we �nd the bottleneck
edgecost c suchthat (1) thereis an s–t path � with � (� ) �
D and that � (e) � c; 8 e 2 � ; (2) any s–t path p with
� (p) � D mustcontainat leastoneedgee with � (e) � c. This
can be accomplishedby O(log m) = O(log n) executionsof
Dijkstra's shortestpath algorithm, after the edgesare sorted
accordingtheir costvaluesin O(m logn) time. Thereforethe
time requiredby line 1 is O((m + n logn) logn), which is
boundedby O(mn). By de�nition of thebottleneckedgecost,
we know that c � � DCLC � c � n. Thereforeat the endof line
1, we have

LB[0] � � DCLC � UB[0] � n � LB[0] : (4.1)

By the choicesof � N and C in lines 2 and 4 of the algo-

rithm, we have C
LB [ i ] = UB[ i ]

C =
q

(1 + � N ) UB[ i ]

LB [ i ] throughout
the while-loop in lines 3-11. It follows from Lemma3.3 that
TESTN (C; � N ) = YES implies that (1 + � N ) � C is an upper
boundof � DCLC andTESTN (C; � N ) = NO implies that C is
a lower boundof � DCLC. Thereforewe have

UB[i ]

LB[i ]
= (1 + � N )

1
2 + 1

4 + ��� + 1
2 i �

 
UB[0]

LB[0]

! 1
2 i

� (1 + � N ) �

 
UB[0]

LB[0]

! 1
2 i

; i = 1; 2; : : : : (4.2)

Thereforethe while-loop in lines 3-11 is executedat most
O(log log UB[0]

LB [0] ) = O(log logn) times. Sinceeachexecution
of TESTN (C; � N ) takes O((m + n logn) n

� N
) = O((m +

n logn) n
(log n )2 ) time, the time complexity of all executions

of this while-loop is boundedby O(mn). Let i N denotethe
valueof i whenAlgorithm 3 entersline 12. We have

LB[i N ] � � DCLC � UB[i N ]� 2(1 + � N )LB[i N ]

= 2(1 + (log n)2)LB[i N ]: (4.3)

By the choicesof � P and C in lines 12 and 14 of the al-

gorithm,we have C
LB [ i ] = UB[ i ]

C =
q

(1 + � P ) UB[ i ]

LB [ i ] throughout
thewhile-loop in lines13-21.It follows from Lemma3.4 that
TESTP (C; � P ) = YES implies that (1 + � P ) � C is an upper
boundof � DCLC andTESTP (C; � P ) = NO implies that C is
a lower boundof � DCLC. Thereforewe have

UB[i N + i ]

LB[i N + i ]
= (1 + � P )

1
2 + 1

4 + ��� + 1
2 i �

 
UB[i N ]

LB[i N ]

! 1
2 i

� (1 + � P ) �

 
UB[i N ]

LB[i N ]

! 1
2 i

; i = 1; 2; : : : : (4.4)

Thereforethe while-loop in lines 13-21 is executedat most
O(log log UB[ i N ]

LB [ i N ] ) = O(log log logn) times. Since eachexe-
cution of TESTP (C; � P ) takes O(mn=� P ) = O(mn) time,
the time complexity of all executionsof this while-loop is
boundedby O(mn log log logn). Let i P denotethe value of
i whenAlgorithm 3 entersline 22. We have

LB[i P ]� � DCLC� UB[i P ]� 2(1+ � P )LB[i P ]= 4 � LB[i P ]: (4.5)

We will now prove that the algorithm �nds a path � in
line 23 of the algorithm and that � is indeed an (1 + � )-
approximationof DCLC. Note thatwhenthealgorithmenters
line 23, we have

LB � � DCLC � UB � 4 � LB: (4.6)

Let � DCLC denote an optimal solution of
DCLC(G; s; t; D; � ; � ), i.e., � DCLC is an s–t paths.t.

� (� DCLC) � D; � (� DCLC) � � DCLC: (4.7)

We have (notethat thehop-countof � DCLC is j� DCLCj � n � 1
and that � = n � 1

LB�� )

� �
P (� DCLC) =

X

e2 � DCLC

(b� (e)� c + 1) � n � 1 + � �
X

e2 � DCLC

� (e)

= n� 1 + � � (� DCLC) � n� 1 +
UB(n� 1)

LB � �
: (4.8)

Since� �
P (� DCLC) is an integer, (4.8) also implies that

� �
P (� DCLC) � b

UB(n � 1)
LB � �

c + n � 1: (4.9)

This shows that � DCLC is a feasible solution of
MCPP(G�

P ; s; t; 2; D; bUB(n � 1)
LB� c + n � 1; � ; � �

P ). Therefore
we areguaranteedto �nd a path� in line 23 of thealgorithm.
Note that � may be different from � DCLC.

Next we prove thatthepath� foundin line 23 is guaranteed
to bean(1+ � )-approximationof DCLC. Since� is computed
in line 23 of the algorithm,we have

� (� ) � D; and � �
P (� ) � b

UB(n � 1)
LB � �

c + n � 1 (4.10)

and(refer to lines 14-15of Algorithm 1)

� �
P (� ) � � �

P (� DCLC): (4.11)

Thereforewe have

� (� ) �
1
�

� �
P (� ) �

1
�

� �
P (� DCLC) �

1
�

(� � (� DCLC) + n � 1)

�
1
�

(� � DCLC + n � 1) � � DCLC(1 + � ): (4.12)

(4.10) and (4.12) together show that � is an (1 + � )-
approximationof DCLC.

5. APPROXIMATION SCHEMES FOR OMCP

In this section, we present an O(mn log log logn +
mn=� ) time (1 + � )(K � 1)-approximationalgorithm and
an O(mn log log logn + m(n=� )K � 1) time FPTAS for
OMCP(G; s; t; K ; ~W ; ~! ), where � > 0 is the approximation
parameter. Ourapproximationalgorithmis basedona transfor-
mationfrom the K -constrainedQoSrouting problemOMCP
to the DCLC problem(which hastwo QoSparameters).

Theorem5.1: Let aninstancè of OMCP(G; s; t; K ; ~W ; ~! )
be given by an edgeweighteddirectedgraphG = (V; E ; ~! ),
a constraint vector ~W = (W1; : : : ; WK ), and a source-
destinationnodepair (s; t). De�ne a correspondinginstance
`0 of DCLC(G; s; t; D; � ; � ) by the following rules:

� G and(s; t) are the sameas in `;
� D = W1;



MULTI-CONSTRAINED QOSROUTING 8

� � (e) = ! 1(e); 8 e 2 G;

� � (e) = max
2� k � K

! k (e)
Wk

; 8 e 2 G.

Assumethat the optimal valueof ` is � OMCP
` andthe optimal

value of `0 is � DCLC
` 0 . Then � DCLC

` 0 � � OMCP
` � (K � 1).

For any given  � 1, an s–t path � is a  -approximation
of DCLC(G; s; t; D; � ; � ) implies that � is a  � (K � 1)-
approximationof OMCP(G; s; t; K ; ~W ; ~! ). 2

PROOF. As discussedat theendof Section2, weassumethat
thereis an s–t path in G whose�rst weight is no more than
W1, as otherwiseneitherof the two problemshasa feasible
solution.

Use � OMCP
` to denotean optimal solution of `. We have

� (� OMCP
` ) = ! 1(� OMCP

` ) � W1 = D. In addition,we have

! k (� OMCP
` ) ,

X

e2 � OMCP
`

! k (e) � � OMCP
` � Wk ; 2 � k � K : (5.1)

Inequality (5.1) implies
X

e2 � OMCP
`

! k (e)
Wk

� � OMCP
` ; 2 � k � K : (5.2)

Summing(5.2) over k = 2; 3; : : : ; K , we obtain

X

e2 � OMCP
`

KX

k=2

! k (e)
Wk

� (K � 1) � � OMCP
` : (5.3)

Therefore

X

e2 � OMCP
`

max
2� k � K

! k (e)
Wk

�
X

e2 � OMCP
`

KX

k=2

! k (e)
Wk

� (K � 1)� OMCP
` : (5.4)

Inequality (5.4) implies

� (� OMCP
` ) ,

X

e2 � OMCP
`

max
2� k � K

! k (e)
Wk

� (K � 1) � � OMCP
` : (5.5)

Since� (� OMCP
` ) � W1 = D, � OMCP

` is a feasiblesolution to
`0. Thereforewe have � (� OMCP

` ) � � DCLC
` 0 . This leadsto

� DCLC
` 0 � � (� OMCP

` ) � (K � 1) � � OMCP
` : (5.6)

Let a  -approximationof DCLC(G; s; t; D; � ; � ) bedenoted
by an s–t path � . Thus we have ! 1(� ) = � (� ) � D = W1

and � (� ) �  � � DCLC
` 0 . Using inequality (5.6), we have

� (� )�  � DCLC
` 0 �  (K � 1)� OMCP

` = (K � 1)� OMCP
` : (5.7)

On the otherhand,we have

� (� ) ,
X

e2 �

max
2� k � K

! k (e)
Wk

� max
2� k � K

X

e2 �

! k (e)
Wk

= max
2� k � K

! k (� )
Wk

�
! k (� )
Wk

; 2 � k � K : (5.8)

Combining(5.8), the fact that � (� ) �  � � DCLC
` 0 , and(5.6),

we know that for 2 � k � K , we have

! k (� ) � � (� )Wk �  � DCLC
` 0 Wk �  (K� 1)� OMCP

` Wk : (5.9)

Therefore � is a  � (K � 1)-approximation of
OMCP(G; s; t; K ; ~W ; ~! ).

Algorithm 4 (1 + � )(K � 1)-Approx(G; s; t; K ; ~W ; ~! )
1: Constructthe instance`0 of DCLC correspondingto the

given instancè of OMCP as in Theorem5.1.
2: Apply FPTAS-DCLC to computean s–t path � � which

is an (1 + � )-approximationof `0.
3: Output � � asan (1 + � )(K � 1)-approximationof `.

BasedonTheorem5.1andFPTAS-DCLC presentedin Sec-
tion 4, we presentan (1+ � )(K � 1)-approximationalgorithm
for OMCP(G; s; t; K ; ~W ; ~! ), which is listed asAlgorithm 4.

The basic idea of Algorithm 4 is as follows. In line 1,
we spendO(K m) = O(m) time to constructan instance`0

of DCLC correspondingto the instance` of OMCP as in
Theorem5.1. In line 2, we apply FPTAS-DCLC to compute
ans–t path� � which is an(1+ � )-approximationto thenewly
constructedinstancè 0 of DCLC, in O(mn log log logn+ mn

� )
time. According to Theorem5.1, � � is a (1 + � )(K � 1)-
approximationto the instancè of OMCP. Thereforewe have
proved the following theorem.

Theorem5.2: The path � � found by Algorithm 4 is an
(1 + � )(K � 1)-approximationof OMCP(G; s; t; K ; ~W ; ~! ),
i.e., ! 1(� � ) � W1 and ! k (� � ) � (1 + � )(K �
1)� OMCP � Wk ; 2 � k � K , where � OMCP is the op-
timal value of OMCP(G; s; t; K ; ~W ; ~! ). Algorithm 4 has
O(mn log log logn + mn

� ) time complexity. 2
Using the above approximationalgorithm, we design an

O(mn log log logn + m( n
� )K � 1) time FPTAS for OMCP,

namedFPTAS-OMCP, andpresentedasAlgorithm 5.

Algorithm 5 FPTAS-OMCP(G; s; t; K ; ~W ; ~! )
1: Computea 1:5(K � 1)-approximationp of OMCP by

Algorithm 4 with � = 0:5.
2: if ! k (p) = 0; 2 � k � K then
3: output p and stop: p is an optimal solution of

OMCP(G; s; t; K ; ~W ; ~! ).
4: end if
5: SetLB := LB[0] := max2� k � K

! k (p)
1:5(K � 1)W k

.

SetUB := UB[0] := max2� k � K
! k (p)

W k
.

6: if UB � 4 � LB then
7: goto line 14.
8: else
9: Let C :=

q
UB�LB

2 .
10: if TESTP (C; 1) = NO, setLB := C.
11: if TESTP (C; 1) = YES, setUB := 2�C.
12: goto line 6.
13: end if
14: Set � := n � 1

LB�� . Apply Algorithm 1 to
MCPP(G�

P ; s; t; K ; W1; bUB(n � 1)
LB� c + n � 1; ~! �

P ) and
output the correspondingfeasiblepath � G .

The basic idea of FPTAS-OMCP is as follows. First, in
line 1, we apply Algorithm 4 with � = 0:5 to computean s–t
path p. According to Theorem5.2, max2� k � K

! k (p)
1:5(K � 1)W k

is a lower bound for � OMCP and max2� k � K
! k (p)

W k
is an

upper bound for � OMCP . Second,in lines 2-4, we check to
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see whether the path p is actually an optimal solution for
OMCP(G; s; t; K ; ~W ; ~! ). If so, the algorithm stopswith an
optimal solution p. If not, in line 5, we set the initial lower
boundof � OMCP to LB[0] � max2� k � K

! k (p)
1:5(K � 1)W k

and the

initial upperboundof � OMCP to UB[0] � max2� k � K
! k (p)

W k
.

Then,in lines6-13,we usetheapproximatetestingprocedure
TESTP to generatea sequenceof re�ned lower bound-upper
bound pairs so that the ratio of the upper bound over the
correspondinglower bound becomessuf�ciently small (less
than or equal to 4). Finally, in line 14, we solve an instance
of MCPP to obtainan (1 + � )-approximationof OMCP.

Following the techniquesof [15] and [31], we can prove
the following theorem,whoseproof is left in AppendixC.

Theorem5.3: Algorithm 5 �nds an(1+ � )-approximationof
OMCP(G; s; t; K ; ~W ; ~! ) in O(mn log log logn + m( n

� )K � 1)
time. 2

6. A FAST ALGORITHM TO DECIDE THE FEASIBIL ITY OF

DMCP OR THE INFEASIBIL ITY OF DMCP�

TheDMCP problemhasbeenstudiedby ChenandNahrst-
edt [3] for the caseK = 2 and by Yuan [32] for the case
K � 2. Using the techniqueof scalingall but the �rst QoS
parameters,they presentedpolynomial time algorithmssuch
that, for any given constant� > 0, the algorithms either
�nd a feasiblepath for DMCP, or concludethat DMCP� is
infeasible.The algorithm of Chen and Nahrstedthas a time
complexity of O((m + n logn) n

� ) (for the caseK = 2). The
algorithm of Yuan hasa time complexity of O(mn( n

� )K � 1).
We presenta fasteralgorithm for solving the sameproblem.
Our algorithm,calledFAST-DMCP, is listed in Algorithm 6.

Algorithm 6 FAST-DMCP(G; s; t; K ; ~W ; ~! )
1: SetH := 1.
2: Set � := H

� .
3: if (MCPP(G�

P ; s; t; K ; W1; bH
� c; ~! �

P ) is feasible)then
4: Let � be the s–t path returnedby Algorithm 1.
5: if ! k (� ) � Wk ; 2 � k � K then
6: output path � and stop: � is a feasiblesolution of

DMCP(G; s; t; K ; ~W ; ~! ).
7: end if
8: end if
9: if H < n � 1 then

10: SetH := minf 2H ; n � 1g, goto line 2.
11: else
12: stop: DMCP� (G; s; t; K ; ~W ; ~! ) is infeasible.
13: end if

The basic idea of Algorithm 6 is basedon the fact that
if DMCP� has a feasible solution � with a hop count of
H , then we can computea feasible solution of DMCP in
O(m( H

� )K � 1) time by solvinganinstanceof MCPP obtained
by scalingG with � = H

� , whereH is any integer between
H and n � 1. However, we do not know the exact value of
H a priori . Thereforethe algorithm usesa parameterH to
estimateH. H is initially set to 1 and is doubledevery time
we �nd that it is not large enough.

The doubling techniquehas beenusedby Goel et al. [7]
in their delay-scalingalgorithmfor computingdelay-sensitive
routes.Thedelay-scalingalgorithmof [7] usesthescalingand
roundingtechniqueof Hassin[9], which leadsto nonnegative
edge weights. Thereforea straightforward extension of the
delay-scalingalgorithm to the caseof K � 2 additive QoS
parameterswould lead to an algorithmwith a time complex-
ity of O((m + n logn)( H

� )K � 1). Our algorithm has a time
complexity of O(m( H

� )K � 1), since we use the scaling and
rounding techniqueof Lorenz and Raz [15], which leadsto
positiveedgeweights. It is the combinationof the doubling
techniqueof [7] andthescalingandroundingtechniqueof [15]
that leadsto the reducedtime complexity.

Theorem6.1: FAST-DMCP either �nds a feasible path
of DMCP or con�rms the infeasibility of DMCP� , in
O(m( n

� )K � 1) worst-casetime. If DMCP� has an H-hop
feasible path, then FAST-DMCP �nds a feasible path for
DMCP in O(m( H

� )K � 1) time. 2
PROOF. Let us �rst analyzethe time complexity of Al-

gorithm 6, which is dominatedby the solution of MCPP
instancesin line 3. Supposethat FAST-DMCP solves t
instancesof MCPP using Algorithm 1, with H taking the
values1 = H1 < H2 < � � � < H t . Then H j = 2j � 1 for
j = 1; 2; : : : ; t � 1 and H t = minf 2t ; n � 1g. Thereforethe
total time requiredfor theset calls to Algorithm 1 is bounded
by (recall that K � 2 is a constant)

O(m(
H1

�
)K� 1)+ � � �+ O(m(

H t

�
)K� 1)= O(m(

H t

�
)K� 1): (6.1)

SinceH t � n � 1, Algorithm 6 stopseither in line 6 or in
line 12, with a worst-casetime complexity of O(m( H t

� )K � 1),
which is boundedby O(m( n

� )K � 1).
In thefollowing, wewill prove thatif DMCP� hasa feasible

solution with H hops, then Algorithm 6 �nds a feasible
solution � of DMCP and stopsin line 6 with H = H t such
that H t < 2H. Let � opt be a feasiblesolution of DMCP�

which hasH hops.We musthave

! 1(� opt ) � W1; ! k (� opt ) � (1 � � )Wk ; 2 � k � K : (6.2)

Due to the condition checking in line 5, we know that if
Algorithm 6 stops in line 6, the computed path � is a
feasible solution of DMCP. Therefore if H t < H, Algo-
rithm 6 musthave found a feasiblesolution� of DMCP with
running time boundedby O(m( H t

� )K � 1) = O(m( H
� )K � 1).

Assume that we enter line 2 with H � H . We will
prove that � opt is a feasible solution of the instance of
MCPP(G�

P ; s; t; K ; W1; bH
� c; ~! �

P ) andthat the path� (which
could be different from � opt ) found in this stepis a feasible
solutionof DMCP. Since! �

P 1 = ! 1, (6.2) implies

! �
P 1(� opt ) , ! 1(� opt ) � W1: (6.3)

Since the hop-countof � opt is j� opt j = H � H , (6.2) also
implies

! �
P k (� opt ) ,

X

e2 � opt

(b
� � ! k (e)

Wk
c + 1) �

X

e2 � opt

(
� � ! k (e)

Wk
+ 1)

=
� � ! k (� opt )

Wk
+ j� opt j

� (1 � � )� + H ; 2 � k � K : (6.4)
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Recall that � = H
� . Therefore(6.4) implies

! �
P k (� opt ) � (1 � � )� + H =

H
�

; 2 � k � K : (6.5)

Since! �
P k (� opt ) is integer-valued,(6.5) implies

! �
P k (� opt ) � b

H
�

c; 2 � k � K : (6.6)

(6.3) and (6.6) imply that � opt is a feasible solution of
MCPP(G�

P ; s; t; K ; W1; bH
� c; ~! �

P ). Thereforewith this value
of H , thealgorithmis guaranteedto �nd a path� (which may
be different from � opt ) in line 3, which is a feasiblesolution
of MCPP(G� ; s; t; K ; W1; bH

� c; ~! � ). Thereforewe have

! 1(� ) = ! �
P 1(� ) � W1 (6.7)

and
max

2� k � K
! �

P k (� ) �
H
�

= � : (6.8)

It follows from the de�nition of ! �
P k (e) that ! �

P k (� ) �
�

W k
! k (� ). Therefore(6.8) implies

! k (� ) � ! �
P k (� )

Wk

�
� Wk ; 2 � k � K : (6.9)

(6.7) and (6.9) imply that � is a feasible solution of
DMCP(G; s; t; K ; ~W ; ~! ) and that Algorithm 6 must stop in
line 6 after � is computedwith H � H . Sincea feasiblepath
for DMCP is guaranteedto be found when we enter line 2
with H � H , we musthave H < 2 � H whenthis � (feasible
to DMCP) is computed.Thereforethe running time of the
algorithmis O(m( H

� )K � 1) in this case.
When DMCP� is feasible,FAST-DMCP �nds a feasible

solution of DMCP in O(m( H
� )K � 1) time, where H is the

minimum hop-countof a feasiblesolution of DMCP� . Note
that in practice,H could be much smaller than n. Therefore
FAST-DMCP runsfasterthanFPTAS-OMCP whenDMCP�

is feasible.WhenFAST-DMCP fails to �nd a feasiblepathto
DMCP, we caninfer that DMCP� is infeasible.Note that the
running time of the algorithmis O(m( n

� )K � 1) in this case.
Chen and Nahrstedt [3] (for the case of K = 2) and

Yuan [32] (for the generalcaseof K � 2) also presented
polynomial time algorithmsthat areguaranteedto �nd a fea-
sible solutionof DMCP whenDMCP� is feasible.Compared
with the O(mn=� + n2 logn=� ) time algorithm of Chenand
Nahrstedt[3] (for the caseof K = 2), our algorithmis faster
both when DMCP� (G; s; t; 2; ~W ; ~! ) is feasible(with a time
complexity of O(mH=�)) andwhenDMCP� (G; s; t; 2; ~W ; ~! )
is infeasible(with a time complexity of O(mn=� )). Compared
with the O(mn( n

� )K � 1) time algorithmof Yuan[32] (for the
generalcaseof K � 2), our algorithmis fasterby a factorof
n at least.

7. NUMERICAL RESULTS

In thissection,wepresentsomenumericalresultsto con�rm
our theoreticalanalysis.We implementedFPTAS-OMCP of
this paper(denotedby OMCP in the�gures), FAST-DMCP of
this paper(denotedby DMCP in the �gures), the (1+ � )(K �
1)-approximationalgorithm of this paper(denotedby Appx
in the �gures), andcomparedthemwith Yuan's heuristic[32]

(denotedby YUAN in the �gures), as well as the FPTAS of
Xue et al. [31] (denotedby SMCP in the �gures). All tests
were performedon a 2.4GHz Linux PC with 2G bytes of
memory.

We usedwell-known Internettopologiesto verify the suit-
ability of the algorithms,and randomlygeneratedtopologies
to verify the computationalscalabilityof the algorithms.The
well-known Internettopologiesusedfor our testsareArpaNet
(20 nodesand 32 edges)and ItalianNet (33 nodesand 67
edges).Thesetopologiescanbe found in Andersenet al. [1].
As in Xue et al. [31], we usedBRITE, a well-known Internet
topologygenerator[2], to generaterandomtopologies.BRITE
provides several well-known models(including the Waxman
model[25]) for generatingreasonablenetwork topologies.We
adoptedthe Waxman model to generaterandom networks,
using the parametersprovided by BRITE. In the Waxman
model,nodesarerandomlyinsertedoneby oneinto a square
�eld of size1000� 1000m2. Let d(u; v) denotetheEuclidean
distancebetweennodesu andv. The probability of having a
bidirectededge(u; v) connectingnodesu andv is � � e� d ( u;v )

� � L ,
wheree is the basefor naturallogarithms,L is the maximum
distancebetweentwo nodes,and � ; � are two parameters
in the interval (0; 1]. We have used� = 0:15 and � = 0:2
(the default parameterssetby BRITE). We used� ve different
numbers of nodes: 80; 100; 120; 140; 160. Correspondingly,
BRITE generated� ve network topologieswith the following
sizes:(1) 80 nodeswith 314 edges,(2) 100 nodeswith 390
edges,(3) 120 nodeswith 474 edges,(4) 140 nodeswith 560
edges,(5) 160 nodeswith 634 edges.

As in [3], [7], [12], [13], [31], [32], the edge weights
were uniformly generatedin a given range (we used the
range [1; 10]). From our analysis, one should expect our
algorithmsto performsimilarly on variousedgeweights.We
report numerical results for the caseof K = 3. For each
network topology, and eachgiven value of � , we generated
10 source-destinationpairs for testing. For each such test
case(topology, � , source-destinationpair), we consideredtwo
scenarios:tight constraint and� -looseconstraint. A constraint
vector(W1; W2; W3) is tight, if (1) thereis ans–t pathp such
that ! 1(p) � W1 and(2) DMCP is infeasible,i.e., theredoes
not exist an s–t path p suchthat ! k (p) � Wk ; 1 � k � 3.
A constraintvector (W1; W2; W3) is � -loose, if DMCP� is
feasible,i.e., thereexists an s–t pathp suchthat ! 1(p) � W1

and ! k (p) � (1 � � ) � Wk ; 2 � k � 3. We studied these
two scenariosbecause(1) FAST-DMCP andYuan's algorithm
guarantee �nding a feasible of DMCP if and only if the
constraint vector is � -loose; (2) FAST-DMCP has a time
complexity O(m( H

� )K � 1) when the constraintvector is � -
looseandhasa time complexity O(m( n

� )K � 1) otherwise.The
performanceof FPTAS-OMCP, FPTAS-SMCP and Appx
should be independentof the tightnessor loosenessof the
constraintvector. Ournumericalresultsarepresentedin Figs.2
through5, whereeach�gure shows the averageof 10 runs.

Fig. 2(a) illustratesthe running times (in seconds)of the
different algorithms(illustratedin the order OMCP, DMCP,
SMCP, Appx, YUAN), as well as their dependency on the
tightnessof theconstraintvector, usingthecaseof � = 0:2 for
ItalianNet. As expected,FAST-DMCP andAppx arealways
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the fastest,FPTAS-OMCP and FPTAS-SMCP have similar
runningtimes,andYUAN takesthe longesttime. Therunning
timesof Appx, FPTAS-OMCP andFPTAS-SMCP areinde-
pendentof the tightnessof the constraint,while the running
time of FAST-DMCP is very small for looseconstraint,andis
about10% of that of FPTAS-OMCP for tight constraint.The
running time of FAST-DMCP can be explained as follows.
Whenthe constraintis loose,FAST-DMCP takesO(m( H

� )2)
time,whereH is oftenvery small.This leadsto thevery small
runningtime. Whenthe constraintis tight, time runningtime
of FAST-DMCP is dominatedby the solution of an instance
of MCPP with C t n

� , while the running time of FPTAS-
OMCP is dominatedby the solutionof an instanceof MCPP
with C t 3n

� + n. Thereforethe ratio of the running time of
FPTAS-OMCP over thatof FAST-DMCP is roughlyequalto
( 3n

� + n)2=( n
� )2 = (3+ � )2 t 10:24. We alsoobserve that the

runningtime of YUAN may increasewith W slightly, but not
signi�cantly. This is dueto thefact thatmoreedgerelaxations
may be performedby YUAN for larger valuesof W .
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Fig. 2. Runningtime vs variousfactors.

Fig. 2(b) illustrates the running times (in seconds)of
FAST-DMCP, FPTAS-OMCP, FPTAS-SMCP andYUAN as
functionsof � , usingthecaseof tight constraintfor ItalianNet.
As expected,the running times increasewith 1

� .
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Fig. 3. Runningtime vs network size

To study the scalability of FAST-DMCP and FPTAS-
OMCP with the network size, we also testedFAST-DMCP
FPTAS-OMCP andFPTAS-SMCP on large, randomlygen-
eratednetwork topologiesasdescribedin thesecondparagraph
of this section.Herewe have used� = 0:5 for the testcases.
The running times of our algorithmsare shown in Fig. 3(a)
andFig. 3(b). For thecaseof tight constraint,we observe that
the running times of all three algorithms increasewith the
network size.FAST-DMCP requiredthe leastamountof time

(but did not returnany path,other thanclaiming that DMCP
is infeasible).For the caseof loose constraint,we observe
thatFPTAS-OMCP andFPTAS-SMCP have similar running
timesasin thecaseof tight constraint.However, FAST-DMCP
is very ef�cient in this case.This shows that the numerical
resultsmatchvery well with our theoreticalanalysis.
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Fig. 5. ItalianNet, Ratio of pathweight vs constraint.

Fig. 4(a) shows the vector( ! 1 (p)
W 1

; ! 2 (p)
W 2

; ! 1 (p)
W 3

) for the path
p computedby eachof the � ve algorithmsfor ArpaNet with
tight constraintsuchthat DMCP is infeasible.We have used
� = 0:5 for the casesin this �gure. Whenan algorithmfailed
to �nd a path, we use the vector (1 ; 1 ; 1 ) in the �gure.
We observe that FPTAS-OMCP, Appx and FPTAS-SMCP
all found source-destinationpaths,while FAST-DMCP and
YUAN failedto �nd asource-destinationpath.This is expected
becausethere is no feasiblesolution to the decisionversion
of the problem.We also observe that FPTAS-SMCP found
paths with the minimum-maximumratio ! k (p)=Wk among
the threeconstraints1 � k � 3, without strictly enforcingthe
�rst constraint,while both FPTAS-OMCP andAppx strictly
enforce the �rst constraint.Fig. 4(b) shows the result for
ArpaNet with looseconstraintsuchthat DMCP� is feasible.
As expected,all � ve algorithmswere able to �nd a source-
destinationpath in this case.Fig. 5 shows the corresponding
resultson ItalianNet, wherewecanmakesimilarobservations.

8. CONCLUSIONS

In this paper, we have studiedthe multi-constrainedQoS
routing problemwith K � 2 additive constraints.We studied
an optimization version of this problem (called the OMCP
problem)by approximatingK � 1 constraints,while enforcing
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oneof theconstraints.TheOMCP problemcontainsthewell-
known DCLC problem as a special case when K = 2.
We �rst presentedan FPTAS for DCLC of time complexity
O(mn log log logn + mn=� ), which is betterthan that of the
best-known algorithm due to Lorenz and Raz [15]. Next we
presenteda theoremcharacterizingthe performanceratio of
approximatingan instanceof OMCP using a corresponding
instanceof DCLC. Basedon this theorem,we presentedan
(1 + � )(K � 1)-approximationalgorithm for OMCP with
time complexity O(mn log log logn+ mn=� ), for any constant
� > 0. We then presentedan FPTAS for OMCP with a
time complexity of O(mn log log logn + m( n

� )K � 1), where
� > 0 is the approximationprecision.When K is reducedto
2, ourapproximationalgorithmsbecome(1+ � )-approximation
algorithmsfor theDCLC problem.For thedecisionversionof
the problem,we presentedan O(m( n

� )K � 1) time algorithm
which either �nds a feasiblesolution or con�rms that there
doesnotexist asource-destinationpathwhose�rst pathweight
is boundedby the �rst constraint and whose every other
path weight is boundedby (1 � � ) times the corresponding
constraint.If there exists an H-hop source-destinationpath
whose�rst pathweight is boundedby the �rst constraintand
whoseevery otherpathweight is boundedby (1� � ) timesthe
correspondingconstraint,our algorithm�nds a feasiblepathin
O(m( H

� )K � 1) time. This algorithmimprovespreviously best-
known algorithmswith O((m + n logn)n=� ) time for K = 2
andO(mn(n=� )K � 1) time for K � 2.
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APPENDIX

A. Proof of Lemma3.3.

WhenTESTN (C; � ) returnsYES, we have ans–t path� that
is a feasible solution of MCPN(G�

N ; s; t; D; bn � 1
� c; � ; � �

N ).
Thereforewe have

� (� ) � D; � �
N (� ) � b

n � 1
�

c �
n � 1

�
: (A.1)

Recall that � = n � 1
C �� and � �

N (e) = b� (e) � � c > � (e) � � � 1,
8 e 2 E. Hence� �

N (� ) > � � � (� ) � (n � 1), since� hasat
mostn � 1 hops.Thereforewe have

n � 1
�

�
n � 1
C � �

� (� ) � (n � 1): (A.2)

This leadsto
� (� ) � (1 + � )C: (A.3)
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Therefore� DCLC � (1+ � )C. Recallthat � DCLC is theoptimal
valueof DCLC.

Now assumethatTESTN (C; � ) = NO. This meansthat for
any s–t path � , � (� ) � D implies

� �
N (� ) > b

n � 1
�

c: (A.4)

Since� �
N (� ) is an integer, we have

� �
N (� ) � b

n � 1
�

c + 1 >
n � 1

�
: (A.5)

On the otherhand,we have � �
N (� ) � � � � (� ). Thereforewe

have
n � 1
C � �

� � (� ) >
n � 1

�
; (A.6)

which implies � (� ) > C. Given the arbitrarinessof � , we
concludethat � DCLC > C.

B. Proof of Lemma3.4.

WhenTESTP (C; � ) returnsYES, we have ans–t path� that
is a feasiblesolution of MCPP(G�

P ; s; t; K ; D; bn � 1
� c + n �

1; ~! �
P ). Thereforewe have ! (� ) � D = W1 and

! �
P k (� ) � b

n � 1
�

c + n � 1; 2 � k � K : (B.1)

Recall that � = n � 1
C �� and ! �

P k (e) = b� (e) � �
W k

c + 1 > � (e) � �
W k

,

8 e 2 E. Hence! �
P k (� ) > � � � ( � )

W k
; 2 � k � K . Thereforewe

have

n � 1
�

+ n � 1 �
n � 1
C � �

�
! k (� )
Wk

; 2 � k � K : (B.2)

This leadsto

! k (� ) � (1 + � )C � Wk ; 2 � k � K : (B.3)

Therefore� OMCP � (1+ � )C. Recallthat� OMCP is theoptimal
valueof OMCP.

Now assumethatTESTP (C; � ) = NO. This meansthat for
any s–t path � , ! 1(� ) � W1 implies

! �
P k (� ) > b

n � 1
�

c + n � 1: (B.4)

Since! �
P k (� ) is an integer (2 � k � K ), we have

! �
P k (� ) >

n � 1
�

+ n � 1; 2 � k � K : (B.5)

On the other hand,we have ! �
P k (� ) � � � � ( � )

W k
+ n � 1, since

� hasat mostn � 1 hops.Thereforewe have

n � 1 +
n � 1
C � �

�
� (� )
Wk

>
n � 1

�
+ n � 1; 2 � k � K : (B.6)

which implies ! k (� ) > C � Wk ; 2 � k � K . Given the
arbitrarinessof � , we concludethat � OMCP > C.

C. Proof of Theorem5.3.

Let f LB[i ]g and f UB[i ]g denote the sequencesof lower
boundsand upper boundsgeneratedby the algorithm. We
know that

LB[i ] � � OMCP � UB[i ] (C.1)

is true for i = 0. Assumethat (C.1) is true for i = l � 0. If

TESTP (
q

LB [ l ] �UB[ l ]

2 ; 1) = NO, we setLB[l +1] :=
q

LB [ l ] �UB[ l ]

2

and UB[l +1] := UB[l ]. If TESTP (
q

LB [ l ] �UB[ l ]

2 ; 1) = YES, we

set LB[l +1] := LB[l ] and UB[l +1] := 2�
q

LB [ l ] �UB[ l ]

2 . It follows
from Lemma3.4 that (C.1) is also true for i = l + 1. Also
from the de�nition of the sequencesf LB[i ]g andf UB[i ]g, we
have

UB[i ]

LB[i ]
= 2

1
2 + 1

4 + ��� + 1
2 i �

 
UB[0]

LB[0]

! 1
2 i

� 2 �

 
UB[0]

LB[0]

! 1
2 i

; i = 1; 2; : : : : (C.2)

Therefore the condition in line 6 can be false (hence the
statementsin lines 9-12 be executed) for no more than
dlog(log UB[0] � logLB[0] )e times. However, logUB[0] �
logLB[0] � log(1:5 � (K � 1)) = O(1) accordingto Theo-
rem 5.2. As a result,the worst caserunningtime requiredby
lines 2-13 of the algorithmis boundedby O(mnK � 1).

In the rest of this proof, we will use� to denote n � 1
LB�� (as

in line 14) to simplify notationswithin the proof. Let � OMCP

denotean optimal solution of OMCP(G; s; t; K ; ~W ; ~! ), i.e.,
� OMCP is an s–t path such that ! 1(� OMCP) � W1 and
! k (� OMCP) � � OMCP � Wk for k = 2; : : : ; K . Since! �

P k (e) =
b! k (e) � n � 1

LB�W k � � c + 1 � ! k (e) � n � 1
LB�W k � � + 1 for every edge

e 2 E, we have (noting that � OMCP hasat mostn � 1 edges)

! �
P k (� OMCP) � ! k (� OMCP) �

n � 1
LB � Wk � �

+ n � 1

� � OMCP �
n � 1
LB � �

+ n � 1

�
UB(n � 1)

LB�
+ n � 1; 2 � k � K : (C.3)

Since ! �
P k (for k = 2; : : : ; K ) always have integer values,

(C.3) implies

! �
P k (� OMCP) � b

UB(n � 1)
LB�

c + n � 1; 2 � k � K : (C.4)

This implies that � OMCP is a feasible solution of
MCPP(G�

P ; s; t; K ; W1; bUB(n � 1)
LB� c + n � 1; ~! �

P ). Therefore
line 14 of the algorithmis guaranteedto �nd a feasiblepath.
Note that (C.3) also implies

max
2� k � K

! �
P k (� OMCP) � � OMCP �

n � 1
LB � �

+ n � 1: (C.5)

Let � G be the s–t path found in line 14 of the algorithm.
It follows from Lemma 3.1 that � G is a feasible solution
of MCPP(G�

P ; s; t; K ; W1; c;~! �
P ), where c is the smallest

integer less than or equal to bUB(n � 1)
LB� c + n � 1 such that

MCPP(G�
P ; s; t; K ; W1; c;~! �

P ) is feasible.Since � G is opti-
mal for the instanceof MCPP while � OMCP is only feasible
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for thesameinstance,themaximumpathweightof � G cannot
exceedthe maximumpathweight of � OMCP :

max
2� k � K

! �
P k (� G ) � max

2� k � K
! �

P k (� OMCP): (C.6)

Combining(C.6) with (C.5), we obtain

max
2� k � K

! �
P k (� G ) � � OMCP �

n � 1
LB � �

+ n � 1: (C.7)

On the otherhand,we alsohave

! �
P k (� G ) =

X

e2 pG

! �
P k (e) �

X

e2 � G

! k (e) � (n � 1)
LB � Wk � �

= ! k (� G ) �
n � 1

LB � Wk � �
; 2 � k � K : (C.8)

Combining(C.7) and(C.8), we have

! k (� G ) �
n � 1

LB � Wk � �
� � OMCP �

n � 1
LB � �

+ n � 1; 2 � k � K :

(C.9)
Somealgebraicmanipulationson (C.9) yield the following.

! k (� G ) � � OMCP � Wk + LB � Wk � �

� (1 + � ) � � OMCP �Wk ; 2 � k � K : (C.10)

Therefore � G is an (1 + � )-approximation to
OMCP(G; s; t; K ; ~W ; ~! ). It follows from Lemma3.1 that the
worst casetime complexity of line 14 is O(m( n

� )K � 1). Since
K � 2 is a constant,thetime complexity of line 14 dominates
the time complexity of lines 2-13. Sincethe time complexity
of line 1 is O(mn log log logn), the overall time complexity
of Algorithm 5 is O(mn log log logn + m( n

� )K � 1).
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