MULTI-CONSTRAINED QOSROUTING

Polynomial Time ApproximationAlgorithms for
Multi-ConstrainedQoS Routing

GuoliangXue, SeniorMembeyr IEEE, Weiyi Zhang,Jian Tang and KrishnaiyanThulasiramanfellow, IEEE

Abstract— We study the multi-constrained Quality-of-Service
(QoS) routing problem where one seeksto nd a path from
a source to a destination in the presenceof K 2 additive
end-to-end QoS constraints. This problem is NP-hard and is
commonly modeled using a graph with n vertices and m edges
with K additive QoS parameters associatedwith eachedge.For
the caseof K = 2, the problem has been well studied, with
several provably good polynomial time approximation algorithms
reported in the literatur e, which enforce one constraint while
approximating the other. We rst focus on an optimization
version of the problem where we enforce the rst constraint
and approximate the other K 1 constraints. We present an
O(mnlogloglogn + mn=) time (1+ )(K 1)-approximation
algorithm and an O(mn logloglogn + m(2)X 1) time (1+ )-
approximation algorithm, for any > 0. When K is reducedto
2, both algorithms producean (1 + )-appraimation with a time
complexity better than that of the best-knavn algorithm designed
for this specialcase. We then study the decisionversion of the
problem, and presentan O(m(2)X 1) time algorithm which
either nds a feasible solution or conrms that there does not
exist a source-destinationpath whose rst weight is bounded by
the rst constraint and whose every other weight is bounded
by (1 ) times the correspondingconstraint. If there existsan
H -hop source-destinationpath whose rst weight is bounded by
the rst constraint and whoseevery other weight is bounded by
(1 ) times the corresponding constraint, our algorithm nds
a feasible path in O(m(®)X 1) time. This algorithm improves
previousbest-knavn algorithmswith O((m+ nlogn)n=) time for
K = 2and O(mn(n=)% 1) timefor K 2.

Index Terms— QoS routing, multiple additive constraints, ef-
cient approximation algorithms.

1. INTRODUCTION

In the multi-constrainedQuality-of-Service(QoS) routing
problem, one seeksfor a path from a source node to a
destinatiomodethat satis es multiple QoS constraintswhere
the constraintscould be cost, delay and reliability of the
path [3], [11], [16], [17], [23]. We model the network by
a directed graph with n vertices and m edgeswhere the
verticesrepresentomputes or routers andthe edgesrepresent
communicationlinks. Each edge has K weights associated
with it, representingthe edge cost, edge delay and edge
reliability, etc. Weightson edgescanbe extendedo weightson
pathsin a naturalway. If the edgeweightsrepresentostand
delay then the correspondingpath weight is the summation
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of the weights of the edgeson the path. If the edgeweight
representgeliability, then the correspondingpath weight is
the product of the weights of the edgeson the path. Note
that the logarithm of the productof H positve numbersis
equalto the sumof the logarithmsof the H positive numbers.
Therefore, these QoS parametersare said to be additive
QoS parametersuch as bandwidthare known as bottlenek
parameteravhere the correspondingwveight of a path is the
smallestof the weights of the edgeson the path [8], [23].
Problemsinvolving bottleneckQoS constraintscan be solved
efciently by consideringonly thoseedgeswhoseweightsare
no lessthana chosenvalue. Problemsinvolving two or more
additive QoS constrainthave beenshowvn to be NP-hard[23].
In this paper we restrictour attentionto the multi-constained
path problem(MCP) with K 2 additve QoS parameters.

Due to its important applications,the MCP problem has
beenstudiedextensiely. Most of the existing works concen-
trate on an optimizationversionof MCP for the specialcase
of K = 2, known as the delay-constained least cost path
problem (DCLC) where the two edgeweights are cost and
delay, andone seeksfor a least-cospathunderthe constraint
that the delay of the pathis within a given delay constraint.
Warkurton in [24] rst developed a fully polynomial time
approximationscheme(FPTAS) [4] for the DCLC problemon
agyclic graphsin [5], Ergunetal. presenteénFPTAS for the
caseof agyclic graphswith a time compleity of O(m(%)).
For the problem on generalgraphs,Hassinin [9] presented
an FPTAS with a time compleity of O(mn(2)log(™)),
where is the approximationparameter Lorenz and Raz
in [15] presented fasterFPTAS with a time compleity of
O(mn(loglogn + 1=)). All theseFPTASs shal the follow-
ing featue. Given a delay constaint D, an approximation
parameter > 0, and a pair of source-destinatiomodes,the
FPTASs nd a source-destinatiorpathwhosedelayis at most
D and whosecostis no more than (1 + ) timesthe cost
of the least-costdelay-constained path, provided that there
is a source-destinationpath whosedelay is at mostD. We
wish to emphasizethat if every source-destinatiopath has
delay greaterthenD, thenall thesealgorithmswill terminate
declaringthat the problemis infeasible.

Chen and Nahrstedt[3] studied the decision version of
the DCLC problem where we want to nd a path which
satis es both the delay constraintand the cost constraint.
They proposeda polynomial time heuristic algorithm based
on scaling and rounding of the delay parameterso that the
delay parameterof eachedgeis approximatedoy a bounded
integer For ary given > O, if thereis a pathwhosecostis
within the cost constraintand whosedelay is within (1 )
times the delay constraint,the heuristicguaranteesnding a
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feasiblepathin O((m + nlogn)™) time.

In [32], Yuan presenteda limited granularity heuristic
and a limited path heuristic for the decisionversion of the
general MCP problem (K 2) with a time complity
of O(mn(™)X 1), Similar to the algorithm of Chen and
Nahrsted{[3], Yuan's algorithm guaranteesnding a feasible
path,providedthatthereexistsa source-destinatiopathwhose
rst pathweightis boundedby the rst constraintand whose
every other path weight is boundedby (1 ) times the
correspondingonstraint.

The aforementioneavorks are closelyrelatedto the current
paper Our resultscan be viewed asimprovements/gtensions
of the works of Hassin[9], Lorenz and Raz[15], Chenand
Nahrsted{3], and Yuan[32].

Thereare mary otherworks relatedto this topic. Most of
them deal with the MCP problemwith two constraints Goel
et al. [7] presentedan approximationalgorithmfor the single
sourceall destinationglelaysensitiveroutesproblem.Givena
delay constraintD, an approximationparameter > 0, anda
sourcenode,the algorithm nds a source-destinatiopathfor
every destinationnode suchthat the delay of the pathis no
morethan(1+ )D andthecostof the pathis no morethanthe
cost of the delay-constrainedeast cost path for that source-
destinationpair. In otherwords, if the delay-constraine@path
delayboundedby D) leastcostpathhasa costof C (notethatC
cannotbe computedin polynomialtime, unlessP = NP), the
algorithm computesa path whosecostis boundedby C and
whosedelay is boundedby (1 + )D. The time compleity
of this algorithmis O((m + nlogn)H=), whereH is the
hop-countof the longestcomputedpath. The authorsof [12],
[28], [29] proposedto use a linear combinationof the two
weights and presentedsimple algorithmsfor nding a good
linearcombinationof thetwo weights.Liu etal. [14] proposed
a select-function-basetieuristic algorithm. Xiao et al. [27]
presented primal simplex approachOrdaand Sprintson[18]
presentedh precomputatiorschemeor QoS routing with two
additive parametersGuerin and Orda [8] presenteckf cient
approximationalgorithms for QoS routing with inaccurate
information. Orda and Sprintson[19] presentecefcient ap-
proximationalgorithmsfor computinga pair of disjoint QoS
paths.

For the general MCP problem with K 2, Korkmaz
and Krunz [13] proposeda randomizedheuristic for the
MCP problem. Van Mieghem et al. [21], [22] proposeda
self-adaptivemultiple constaints routing algorithm Xue et
al. [30] presentedan FPTAS for an optimization version of
the K -constrainedQoS routing problem with a worst-case
running time fully polynomial, but not strongly polynomial
(the runningtime dependsn the encodingsize of the values
of link weights).In a recentpaper Xue et al. [31] studied
the MCP problemwith K 2 and presentedan ef cient K -
approximationalgorithm and an FPTAS. In the optimization
problemsstudiedin [31], all K constaints are approximated,
with no constaint being enfoiced This is differentfrom the
commonpracticefor the caseof K = 2, whereone constraint
is enforced,while the other constraintis approximated.

In this paper we study an optimization versionthe MCP
problemwith K 2 (to be called OMCP), wherethe rst

constraints enforcedwhile theotherK 1 constraintsareap-
proximated We alsostudythe decisionversionof the problem,
where we seekfor a path which satis es all K constraints.
We make the following contrikutions: (1) For the DCLC
problem, we presentan O(mn logloglogn + mn=) time
(1 + )-approximationalgorithm, improving the currentbest
O(mnloglogn + mn=") time algorithmof [15]. (2) For the
OMCP problem,we presentan(1+ )(K 1)-approximation
algorithm with a time compleity of O(mn logloglogn +
mn= ), where > 0is ary givenconstant\We alsopresentan
(1+ )-approximatiorschemdor OMCP with atime comple-
ity of O(mn logloglogn+ m(™)X ). This contritution dif-
fersfrom thework of LorenzandRaz[15] in thatwe dealwith
themoregeneralkcaseof the MCP problemwith K 2, while
Lorenzand Raz[15] dealwith the DCLC problem,which is
equivalent to the specialcaseof OMCP with K = 2. Our
work alsodiffersfrom thatof Xue etal. [31] in thatwe enforce
one constraintand approximatethe otherK 1 constraints,
while Xue et al. [31] approximateall K constraintswithout
enforcingary of the constraints(3) For the decisionversion
of the problem,we presentan O(m(™)X 1) time algorithm
which either nds a feasiblesolution or con rms that there
doesnotexist asource-destinatiopathwhose rst pathweight
is boundedby the rst constraintand whose every other
path weight is boundedby (1 ) times the corresponding
constraint.If there exists an H-hop source-destinatiompath
whose rst pathweightis boundedby the rst constraintand
whoseevery otherpathweightis boundedoy (1 ) timesthe
correspondingconstraint,our algorithm nds a feasible path
in O(m(2)X 1) time. This contritution improves previously
best-knevn O((m + nlogn)n=) time algorithmof Chenand
Nahrstedt[3] for the specialcaseof K = 2 and previously
best-knevn O(mn(n= )X 1) time algorithmof Yuan[32] for
the generalcaseof K 2. In otherwords,our algorithmhas
the sameperformanceguaranteewhile having a bettertime
complity.

The restof this paperis organizedasfollows. In Section2,
we de ne the problemsand somenotations.In Section3, we
presensomebasicresultsthatwill be usedin latersectionsin
Section4, we presenbur improved approximationrschemeor
the DCLC problem.In Section5, we presenbour (1+ )(K
1)-approximationalgorithm and our FPTAS for OMCP. In
Section6, we presenbur algorithmfor the decisionversionof
the MCP problem.In Section7, we preseninumericalresults.
We concludethis paperin Section8.

2. DEFINITIONS AND NOTATIONS

We use an integer constantK 2 to denotethe number
of QoS parametersUnlessspeci ed otherwise,all constants,
functions,and variablesare assumedo have real values We
refer readersto [4], [26] for graph theoretic notations not
de ned here. We refer readersto [4], [6] for de nitions of
“NP-hard” and other conceptsin compleity theory that are
not de ned here. We use the symbol 2 to denotethe end
of the descriptionof a de nition/lemma/theoremand usethe
symbolm to denotethe end of the proof of a lemma/theorem.
All logarithmsare base-2logarithms.
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We modela computemetwork by anedgeweighteddirected
graphG = (V;E;*+), whereV is the setof n vertices E is

vectorsothat!  (e) 0 is the k" weightof edgee, 8 e 2
E; 1 k K.Forapath in G, thek®™ weightof |,
denotecby ! (), is thesumof thek™ weightsovertheedges
on :!y(), e ! k(€). We studythe following Decision
versionof the Multi-ConstrainedPath problem (DMCP).

De nition 2.1 (DMCP(G;s;t; K; W ;#)): INSTANCE: An
edgeweighteddirectedgraph G = (V;E;*+), with K non-
negative real-walued edge weights ! (e); 1 k K,
associatedvith eachedgee 2 E; a constraintvector W =

source-destinationodepair (s;t). QUESTION: Is thereans—t
path suchthat! () Wy; 1 k K? 2
In the above de nition, the inequality ! «( ) Wy
is called the k™ QoS constaint. An s—t path  satisfy-
ing all K QoS constraintsis called a feasible path or a
feasible solution of DMCP(G;s;t; K; W ;). We say that
DMCP(G;s;t; K; W ; &) is feasibleif it hasa feasiblepath,
andinfeasibleotherwise We may simply useDMCP to denote
DMCP(G;s;t; K; W ; ), if no confusioncanbe causedThe
DMCP problemis known to be NP-hard[6], [23], even for
the caseof K = 2. We will alsoconsidera tightenedversion
of DMCP, de ned in the following, for a given 2 (0;1).
De nition 2.2 (DMCP (G;s;t; K;W;#)): INSTANCE: A
constant 2 (0;1), an edgeweighteddirectedgraphG =
(V;E;¥+), with K nonngative real-valued edge weights
Ik(e);1 k K, associatedwith eachedgee 2 E; a

positive constant;and a source-destinatiomode pair (s;t).
QUESTION: Is thereans—t path suchthat! ;( ) W; and
() (1 YWx; 2 k K? 2

An st path satisfying the abore K QoS con-
straintsis called a feasible path or a feasible solution of
DMCP (G;s;t; K;W;+). The DMCP problemis also NP-
hard, asit is equivalentto the DMCP problem.

In Section6, we will presenta polynomialtime algorithm
which either nds afeasiblesolutionof DMCP or veri es that
DMCP is infeasible,for ary given constant 2 (0;1).

We alsostudythe OMCP problem,an Optimizationversion
of MCP, which is de ned in the following.

De nition 2.3 (OMCP(G;s;t; K;W;#)): INSTANCE: An
edgeweighteddirectedgraph G = (V;E;¥+), with K non-
negative real-valued edge weights ! (e);1 k K,
associatedvith eachedgee 2 E; a constraintvector W =

source-destinatiomode pair (s;t). PROBLEM: Find an s—t
path suchthat max, x « !\k,v(k) is minimized, subjectto
the constraint! 1( )

W;. 2

We use OMCP to denote an optimal solution (also
called an optimal path) to OMCP(G; s;t; K; W; +), andcall
max, k K % (denotedby ©MCP) the optimal value
of OMCP(G;s;t; K; W; +).

A -approximation algorithm for a minimization problem
is an algorithmthat, for ary instanceof the problem, nds a
solutionwhosevalueis at most timesthe optimal value of

theinstancejn time boundedby a polynomialin the encoding
sizeof the instance[6]. A is called a fully polynomialtime
approximationscheme(FPTAS), if forary xed > 0, A is
an (1 + )-approximationalgorithmwhoserunningtime is a
polynomialin the encodingsize of the instanceandin .

WhenK = 2, the OMCP problembecomeshewell-known
Delay-ConstrainedLeastCost path problem (DCLC). In this
case,for an edgee 2 G, ! 1(e) denotesthe delay of e and
I ,(e)=W, denoteghe costof e. We areseekinga leastcosts—
t pathin G with pathdelayno morethanW;. AlthoughDCLC
is a special caseof OMCP, in this paper we use slightly
different notationsto de ne the DCLC problem.We will use

(e) (ratherthan! ;1(€)) to denotethe delay of edgee, use

(e) (ratherthan! ,(e)=W,) to denotethe costof edgee, and
useD (ratherthanW,) to denotethe delay constaint. These
notationshelp simplify the presentatiorof our algorithmsfor
OMCP (in Section5) wherewe needto transformaninstance
of OMCP to aninstanceof DCLC suchthat (e) = ! 1(e),
D= W, and (6) = maxy k « %

De nition 2.4 (DCLC(G;s;t; D; ; )): INSTANCE:  An
edge weighteddirectedgraphG = (V;E; ; ) whereeach
edgee 2 E is associatedwith a nonngative real-\valued
delay (e) anda nonngjative real-\aluedcost (€); a positive
constantD (the delay constaint); and a source-destination
node pair:,(s;t). PrROBLEM: Find an s-t path  such that

(), P e (e) is minimized, subjectto the constraint
(). « (8 D 2
An st path in G is called a D-delay-constrained—t

pathif () D. DCLC seeksfor a least-costD-delay-

constraineds—t path, which we denoteby PC-C. We also
use PCLC to denote ( PCLC) andcall it the optimal value of
DCLC(G;s;t;D; ; ).

In Sectiond, we will presenanO(mn logloglogn+ m(2))
time FPTAS for DCLC. In Section5, we will presentan
O(mn logloglogn+m(2)) time(1+ )(K 1)-approximation
algorithmand an O(mn logloglogn + m(2)K 1) time FP-
TAS for OMCP. Our approximationalgorithm and FPTASs
for OMCP(G;s;t; K; W;+) and for DCLC needto solwe
instancesof the following two restrictedversionsof DMCP,
denotedby MCPP and MCPN, respectiely.

De nition 2.5 (MCPP(G;s;t; K;D;C +)): INSTANCE:
An edge weighted directedgraph G = (V;E;¥+), with K
nonngative edgeweights!  (e);1 k K, associatedvith
eachedgee 2 E suchthat! ((e) is a positive integer for

integer constantC, and a source-destinatiomode pair (s;t).
QUESTION: Is therean s—t path suchthat! ;( ) D and
() G2 k K? 2

De nition 2.6 (MCPN(G;s;t; D;C, ; )): INSTANCE: An
edgeweighteddirectedgraphG = (V;E; ; ), with nonnga-
tive real-valued weight (e) and nonnejative integer-valued
weight (e) associatedwith eachedgee 2 E; a positive
constantD and a positive integer constantC; and a source-
destinationnode pair (s;t). QUESTION: Is therean s—t path

suchthat () Dand () C? 2
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MCPN, the edgeweight takes nonneative integer-values

Before moving on, we usethe simple network in Fig. 1 to
illustrate the concepty DMCP, OMCP and DMCP ) de ned
in this section.In this network an edgee hasK = 3 QoS
parameterq! 1(€);! 2(€);! 3(€)). Assume(W1;Wy; W3) =
(3;5; 7). DMCP is infeasible,asis DMCP forary 2 (0;1).
OMCP hasan optimal value M°P = 2 with s | y ! t
as the only optimal path. If we changethe constraintsto
(Wq1; W2; W3) = (5;6;11), then all three pathsare feasible
for DMCP. In this case,OMCP hasan optimal value of 15—1
withs! z! tastheonlyoptimalpath.Thepaths! y! t
is not a feasiblesolutionof DMCP for ary 2 (0;1). The
paths! x ! t is a feasiblesolution of DMCP for ary

2 (0;1-11] Thepaths! z! t is a feasiblesolution of
DMCP for ary 2 (0;6=11]

Fig. 1. A network where each edge e has 3 QoS parameters
(' 1(e);! 2(e);! 3(e)). s is the sourcenodeandt is the destinationnode.

Notethatin the problemsDMCP, OMCP andDMCP , we
are enforcingthe rst constraint! 1( ) W;. Thereforewe
assumethroughoutthis paperthat there exists an s—t path
suchthat! 1( ) Wy ( () D inthecaseof DCLC). This
conditioncanbe veri ed in O(m+ nlogn) time by Dijkstra's
shortespathalgorithmusing! ; asthemetric. We alsoassume
thats 6 t. Table1 lists frequentlyusednotations.

TABLE 1
FREQUENTLY USED NOTATIONS

numberof additve QoS parameters
sourceand destinationnodes

edgeweight vector

the K QoS constraints

edgedelay and edgecost (usedin DCLC)

MCP multi-constrainedpath problem
OMCP(G; s;t; K; W +) optimizationversionof MCP
OoMCP

OMCP .

DMCP(G; s;t; K; W ; +)

DMCP (G;s;t; K; W ;+)

DCLC(G;s;t; D; ;5 )
DCLC. DCLC

MCPP(G; s;t; K;D; C +)

MCPN(G;s;t; D;C; ; )

optimal path and value of OMCP
decisionversionof MCP
tightenedversionof DMCP

the DCLC problem

optimal path and value of DCLC

DMCP w. ! ¢ (e) positive integers,k > 1
DMCP w. (e) nonn@ative integers

PseudoMCPP algorithmfor solving MCPP
PseudoMCPN algorithmfor solving MCPN
TESTp approximatetestingw. PseudoMCPP
TESTyN approximatetestingw. PseudoMCPN

3. EXACT ALGORITHMS FOR MCPP AND MCPN,
SCALING AND ROUNDING, AND APPROXIMATE TESTING

In this section,we presentsomebuilding blocks that will
be usedin later sections.Theseinclude an O(mC* 1) time
algorithm for MCPP, an O((m + nlogn)C) time algorithm
for MCPN, two scalingandroundingtechniquesandtheir cor
respondingpolynomialtime approximatetestingprocedures.

A. A Pseudo-Blynomial Time Algorithm for MCPP

We rst present an O(mC¢ 1) time algorithm for
MCPP(G;s;t; K; D; C *). The algorithm is named Pseu-
doMCPP andlisted as Algorithm 1. Whenthe MCPP prob-
lem is feasible,our algorithm outputsYES, togetherwith an
s—t path suchthat!;( ) Dand!( () GC 2 Kk
K. When the MCPP problem is infeasible, our algorithm
outputsNO. This algorithmis well-known and hasbeenused
in [7] and [15] in the caseof K = 2. We provide a formal
presentatiorfor the sale of completenesdt is assumedhat
at eachvertex v 2 V, thereis a (K  1)-dimensionalarray

hold the least delay (measuredby ! ;) amongs—v paths
suchthat! () &; 2 k K. Ateachvertexv 2 V,

holds the predecessoiof v on the s—v path  such that
() = dleg;:iii;ec] and ! () &, 2 k K. In
the descriptionof the algorithm,we will used|v;cp;:::;ck ]
and [v;cp;:::;ck ] to denotethe two arraysat nodev.
Algorithm 1 PseudoMCPP(G;s;t; K;D;C*+)

1: foreg:=0to G 2 k K do

2 dv;cyiinek]=1, [vieiinick ]i=null,l8v2V,

ds;cp;:ii5ek] = 0.
3: end for
4: for all (cp;::i;0ck) 2 f0;1;:::;Cg¢ 1 in increasing
lexicographicorder do
5. for each(u;v) 2 E s.it.be, o !k(u;v) O; 2
k K do
6 if (dv;c;:::; ok Pdusbe;iiiibe ]+ ! 1(u; v)) then
7 div;co;iiiec i=dusbes b+ (upv),
[Vico; i ek ]i=u.

8 end if

9: endfor

10: end for

11: if (d[t; C;:::;C] > D) then

12:  output NO andstop: MCPP is infeasible.

13: end if

14: Find the smallestintegerc  Cs.t.d[t;c;:::;c] D.

15: output YES and an st path s.it. ! () D and

'() ¢ 2 k K;
16: stop: Path is feasiblefor MCPP.

Lemma3.1: The worst-casetime compleity of Algo-
rithm 1 is O(mC* ). If MCPP(G;s;t;K;D;C¥*) is
feasible, the algorithm computes a feasible path for
MCPP(G;s;t; K;D;c;*) where ¢ is the smallest non-
negative integer less than or equal to C such that
MCPP(G;s;t; K; D; c;+) is feasible. 2
PrROOF. The for-loop in lines 1-3 takes O(nC* 1) time to
initialize the table entries. The inner for-loop in lines 5-9

spend=D(m) time for the correspondinduple (c;;:::;¢k ) 2
f0;1;:::;Cgf 1, trying to updatethe entriesd[v; Cy;:::; Ck ]
and [v;cp;:::;ck ]. Hencethe total time spentby the outer

for-loop in lines 4-10 is boundedby O(mCX 1). The if-
statementn lines 11-13takesconstantime. Lines 14-16take
O(C+ n) time. Thereforethe time compleity of Algorithm 1
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isO(mC* ). We prove thecorrectnessf thealgorithmnext.

Recall that in the MCPP problem, ! ((e) is a positive
integer for each edge e and 2 k K. Thereforeif

in ! 1( )) and that u is the predecessopof v on the path,
we musthave ' ( ) = ()  Tk(uv) < () for
2 k K, where , isthesubpathof from s to u. Since

correctly computed.Therefore MCPP(G; s;t; K;D;C!) is
feasibleif andonlyif d[t;C;:::;C] D attheendof theouter
for-loop of the algorithm.WhenMCPP(G; s;t; K;D;C ! ) is
feasible lines 14-16 of the algorithm nd the smallestinteger
c C such that MCPP(G;s;t; K;D;c;! ) is feasibleand
outputsthe correspondingpath. This proves the correctness
of Algorithm 1. ]

B. A Pseudo-Blynomial Time Algorithm for MCPN

We now presentan O((m + nlogn)C) time algorithm
for MCPN. The algorithm, namedPseudoMCPN, is listed
as Algorithm 2. When the MCPN problem is feasible, our
algorithm outputs YES, togetherwith an s—t path  such
that () D and () C. When the MCPN problem
is infeasible, our algorithm outputs NO. The arrays d[v; c]
and [v;c] are similarly de ned as in PseudoMCPP. The
separatiorof relaxationsof edgeswith positive cost (lines 5-
9) from relaxationsf edgeswith zerocost(lines10-17)makes
thealgorithmvery fastin practice.Theideaof PseudoMCPN
is also well-known, and hasbeenusedin [3], [7]. We list it
herefor the sale of completenesdie will seelaterthatnovel
combinationsof PseudoMCPP and PseudoMCPN lead to
our new algorithmswith improved time compleities.

Lemma3.2: The worst-casetime complity of Pseu-
doMCPN is O((m + nlogn)C). If MCPN(G;s;t; D;C, ; )
is feasible, the algorithm computes a feasible path
for MCPN(G;s;t; D;c; ; ) where c is the smallestnon-
negative integer less than or equal to C such that
MCPN(G;s;t; D;c; ; ) is feasible. 2

PrRoOF. The for-loop in lines 1-3 of the algorithm spends
O(nQ) timeto initialize the arrays.The outerfor-loop in lines
4-20of thealgorithmloopsthevaluec from 0 to Cto compute
the table entriesfor d[v;c] and [v;c]. For eachvalue of c,
we rst spendO(m) time performing relaxationsvia edges
(u; v) with  (u;v) > 0. We thenperformrelaxationson edges

Algorithm 2 PseudoMCPN(G;s;t; D;C; ; )
1: forc:= 0to Cdo

2 dv;c:=1; [vic]:=null; 8v2V.ds;c:=0.

3: end for

4: forc:= 0to Cdo

5. for each(u;v) 2 E sit. (u;v) > 0Oand b, ¢

(u;v) 0Odo

6: if (dlv;c]> d[u;bl+ (u;v)) then

7 dv;c] := dlu;bl + (u;v), [v;c]:= u.

8: end if

9: endfor

10:  Constructan auxiliary graphG¢(V°¢; E®; ), whereV°
is thesameasV, E° containsall edgese 2 E suchthat

(e) = 0 (with the sameweight (e) asin G). For each
v 2 V nfsg suchthatd[v;c] < 1 , E€ alsocontainsan
edge(s;v) with weight (s;v) = d[v;c].

11:  Apply Dijkstra's shortestpath algorithm to compute
shortestpathsfrom s to all other nodesin G°¢, with
respectto weightsde ned below.

12: forallv2V do

13: Let d9v; c] denotethe weightof the shortests—v path

in G°. Let Yv; c] denotethe predecessaof v onthe
shortests—v pathin G°.

14: if dv;c]> d9v;c] then

15: div;c] := d9v;c], [v;c:= 9v;d.

16: end if

17:  end for

18: if (d[t;c] D) then

19: output YES andthes-t path st () D and

() c stop: Path is feasiblefor MCPN.

20:  endif

21: end for

22: output NO andstop: MCPN is infeasible.

(u;v) with  (u;v) = 0. Thisroundof relaxationss performed
in a non-decreasingrder of d[u; c], andis accomplishedn
O(m + nlogn) time by applying Dijkstra's algorithmon the
auxiliary graph G°. At this time, the table entriesd[v; c] and

[v; c] arecorrectlycomputed.Thereforethe algorithmsolves
the MCPN problemin O((m + nlogn)C) time. ]

C. Scaling Rounding Polynomial Time ApproximateTesting

In this section, we describethe scaling, rounding, and
polynomialtime approximatetestingprocedureusedby Has-
sin [9] for DCLC. We also describea scaling,roundingand
polynomial time approximatetesting procedurefor OMCP
that was usedby Lorenzand Raz[15] (for DCLC).

For a given positive real number and an instance of
DCLC(G;s;t; D; ; ), weconstructanauxiliary graphGy =
(V;E; ; ) which is the sameasG = (V;E; ; ) except
that the edgeweight is changedio |, suchthat for each
edgee 2 G, ,(e) = b (e) c. For given real numbers
C>0and 2 (O;n 1], wedene TESTN(C; )= YES
if MCPN(Gy;s;t; D;b™1c; ; ) is feasible (where =
’23—1) andde ne TESTy (C; ) = NO otherwise.This is the
roundingandapproximateestingtechniquaisedby Hassin[9]
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for DCLC, and can be implementedusing PseudoMCPN.
Using the techniquesof [9], [10], [20], one can prove the
following lemma(proof in AppendixA).

Lemma3.3: Let PCC bpe the optimal value of
DCLC(G;s;t;D; ; ). Let C and be two x ed positive
numberssuchthat 0 < n 1 Then

TESTN(C; ) = YESimplies P < C 1+ );
TESTN (C; ) = NO implies PCL¢ > C.
TESTN (C; ) hasO((m + nlogn)™) time compleity. 2

For a given positive real number and an instance of
OMCP(G;s;t; K;W; ), we construct an auxiliary graph
Gp = (V;E;*p) which is the sameas G = (V,E;¥)
except that the edge weight vector + is changedto +,
such that for eache 2 G, !, ,(e) = !4(€), ' p,(6) =
b-c+ 1,2 k K. For givenreal numbersC > 0
and 2 (O;n 1], we dene TESTp(C; ) = YESif
MCPP(Gp;s;t; K;D;b™Lc+ n 1;+,) is feasible(where

= '2:—1) and de ne TESTp (C; ) = NO otherwise.This
is a generalizationof the rounding and approximatetesting
techniquefor DCLC usedby Lorenz and Raz[15], and can
be implementedusing PseudoMCPP. Using the techniques
of [15], one can prove the following lemma (proof in Ap-
pendixB).

Lemma3.4: Let ©OMCP  pe the optimal value of
OMCP(G;s;t; K;W;+). Let C and be two xed
positive numberssuchthat 0 < n 1. Then

TESTR(C; ) = YESimplies °MP < C (1+ );
TESTr(C; ) = NO implies OMCP > C.
TESTp (C; ) hasO(m (maxf ™;ng)X 1) time compleity.2

WhenTESTp is appliedto DCLC (equialentto the special
caseof OMCP with K = 2), we adoptthe corvention that
l'p.(€)= (€),'p,()=Db (e) c+ 1 8e2E.Notealso
that OMCP = DCLC in this case.Both TESTy and TESTe
work for ary positive constant  n 1. Thetime compleity
of TESTyN (C; ) can be madeas low as O(m + nlogn)
by increasingthe value of . However, the time compleity
of TESTp(C; ) cannotbe madelower thanO(mnX 1) by
increasinghe valueof . For the caseof K = 2 in particular
if we use = (logn)?, TESTy hasa time compleity of
O(lgg‘n), while TESTp has a time compleity of O(mn).

1, TESTp hasa time compleity of O(™™),

If we set

while TESTy hasatime compleity of O(™*"*10an) Thege
obsenationsleadto our improved FPTAS for DCLC usinga
novel combinationof existing techniques.

4. AN IMPROVED FPTAS FOrR DCLC

The best-knavn FPTAS for DCLC is due to Lorenz
and Raz [15], which has a worst-case running time
of O(mnloglogn + mn=) for computing an (1 + )-
approximationfor ary given > 0. Their scheme rst
spends O(mn loglogn) time to compute a lower bound
LB and an upper bound UB of PCLC such that LB
peLe uB 4LB. It then spendsO(mn=) time to
compute an (1 + )-approximation of DCLC by solving
MCPP(G ;s;t; 2D;b22 0 Dern 1, ; )with = 0L,

In this sectionwe useanovel combinationof thetechniques
of Hassin[9] and the techniquesof Lorenz and Raz [15] to

obtaina new FPTAS for DCLC, listed asAlgorithm 3 belaw,
with a time complity of O(mn logloglogn + mn=).

Algorithm 3 FPTAS-DCLC(G;s;t; D; ; )
1: Find the smallestc 2 f (€) j e 2 Eg suchthatarny s—t

path with () D mustcontainat leastone edgee
with (e) c. SetLB := ¢, UB® := ¢ n, Seti := 0.

2: Set y := (logn)2.

3: while UB! g2 (+ n) LB do

4: LetC := %‘:BM.

5. if TESTn(C; n) = YESthen

6: ul*™ == c 1+ y); LBI*Y = LBl

7. else

8: ul*l = ygll; LBI*Y = C.

9: endif

0. i=i+ 1

11: end while

12: Set p = 1.

13: while UB!!! q2 1+ p) LB do

14: LletC:= LB _UBLL

15 if TESTp(C; p) = YESthen

16: Ul == c 1+ p); LBI*Y = LBl

17:  else

18: ul* .= ygll; LBl = C.

19: endif

20 i=i+ 1.

21: end while

22: SetLB := LBl';uB:= UBl'.

23: Set = 21 Apply Algorithm 1 to MCPP(Gp;s;t; 2;

D;b®8" Yc+ n 1; ; ) to computea path .

LB
output asan(l1+ )-approximationof DCLC.

Thebasicideaof FPTAS-DCLC is asfollows. First, in line
1, we spendO(m logn + n(log n)?) time to obtain an initial
lower bound LB and an initial upper bound UB of PCtC
suchthat LB DCLC UB  nLB using the technique
of Lorenz and Raz [15]. Second,in lines 2-11, we spend
O(mn) time to re ne the pair of lower and upper bounds
suchthat LB DCLC  uUB  2(1+ (logn)?)LB using
the techniqueof Hassin[9]. This is accomplishedy repeated
applicationsof TESTy with  setto (logn)?). Note that
Hassin[9] used = (asmallvalue)in TESTy, while we
use = (logn)? (a large value)in TESTy to achieve the
reducedime complexity. Notethatwith = (logn)?, TESTy
hasa lower time complity thanTESTp . Third, in lines 12-
21, we spendO(mn logloglogn) time to further re ne the
pair of lower and upper boundssuch that LB DCLC
UB 4LB usingthe techniqueof Lorenzand Raz[15]. This
is accomplishedby repeatedapplicationsof TESTp with
setto 1. Note that with = 1, TESTp hasa lower time
compleity than TESTy . Finally, in lines 22-23, we spend
O(mn=") time to computean (1+ )-approximatiorof DCLC
using the techniqueof Lorenzand Raz[15].

Theoem4.1: For ary given > 0, Algorithm 3 com-
putes an st path thatis an (1 + )-approximationof
DCLC(G;s;t; D; ; ) in O(mnlogloglogn+ mn=) time2
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PROOF. In line 1 of the algorithm,we nd the bottleneck
edgecostc suchthat (1) thereis ans—t path with ()
D andthat (e) c; 8e2 ; (2 ary st pathp with
(p) D mustcontainatleastoneedgee with (e) c. This
can be accomplishedby O(logm) = O(log n) executionsof
Dijkstra's shortestpath algorithm, after the edgesare sorted
accordingtheir costvaluesin O(m logn) time. Thereforethe
time requiredby line 1 is O((m + nlogn)logn), which is
boundedby O(mn). By de nition of the bottleneckedgecost,
we know thatc ~ PC¢ ¢ n. Thereforeat the end of line
1, we have

DCLC

LB uB® n LBY: (4.1)

By the choicesof \ andC ir@_I lines 2 and 4 of the algo-

rithm, we have =7 = %['] = (1+ N)%ﬂ']} throughout
the while-loop in lines 3-11. 1t follows from Lemma3.3 that
TESTN(C; n) = YESimpliesthat(1+ §) C is anupper
boundof PCC andTESTyN (C; n) = NO impliesthatC is
alower boundof PCLC, Thereforewe have

I

ul®
LB[O]

upli!
LBfi! B

RN

|
uB ’

LB

1
2l

1+ n) =12

Thereforethe while-loop in lines 3-11 is executedat most
O(log log %) = O(loglogn) times. Since eachexecution
of TESTn (C; n) takes O((m + nlogn)-"-) = O((m +

nlog n)W) time, the time compleity of all executions
of this while-loop is boundedby O(mn). Let iy denotethe

value of i whenAlgorithm 3 entersline 12. We have
pcle yglind 21+ N )LB[iN ]

= 2(1+ (logn)?)LBI~T: (4.3)

LB[iN]

By the choicesof p andC inqlines 12 and 14 of the al-

gorithm, we have = = %['] = (1+ p)%[[;]] throughout
thewhile-loopin lines 13-21.1t follows from Lemma3.4 that
TESTp(C; p) = YESimpliesthat(1+ p) C is anupper
boundof PCLC and TESTR(C; p) = NO impliesthatC is
alower boundof PCLC, Thereforewe have

1
21

lin+i] lin]’
UB[i - (@ p)ETET Tar UB[i ]
LB"N LB"N
1
UB[iN] 2
@a+ p) W =120 (4.4)

Thereforethe while-loop in lines 13-21 is executedat most
O(log log ‘Eg[[i":]]) = O(logloglogn) times. Since eachexe-
cution of TESTp(C; p) takesO(mn= p) = O(mn) time,
the time compleity of all executionsof this while-loop is
boundedby O(mn logloglogn). Let ip denotethe value of

i when Algorithm 3 entersline 22. We have

Lglel  bete yglel 201+ p)LBM*)= 4 LBIP): (4.5)

We will now prove that the algorithm nds a path in
line 23 of the algorithm and that is indeedan (1 + )-
approximationof DCLC. Note thatwhenthe algorithmenters
line 23, we have

LB P uB 4 LB: (4.6)
Let PCLC denote an optimal  solution  of
DCLC(G;s;t;D; ; ), i.e., PCCisans- paths.t.
( DCLC) D, ( DCLC) DCLC: (47)
We have (notethatthe hop-countof PCLCjsj DCLCj n 1
andthat = Pt
X
p( PO = (b(eg) c+1) n 1+ (e
e2 DCLC @2 DCLC
=n 1+ (P09 14 BOD g
LB
Since ,( PCLC) is aninteger, (4.8) alsoimplies that
scoeey pIB Doy @y

LB

This shawvs that is a feasible solution of
MCPP(G;;s;t; 2;D;b%c+ n 1, ; p). Therefore
we areguaranteedo nd apath in line 23 of thealgorithm.
Note that may be differentfrom DCLC,

Next we prove thatthepath foundin line 23is guaranteed

DCLC

tobean(1+ )-approximatiorof DCLC. Since is computed
in line 23 of the algorithm,we have
() D;and p() b%c+n 1 (4.10)
and (refer to lines 14-15 of Algorithm 1)
p()  p( P (4.11)

Thereforewe have
1
() —-»0)

1‘( DCLC 4 n 1)

1 ( DCLC) }(

= e (°9+n 1)

PeLC(1+ ): (4.12)
(4.10) and (4.12) together shov that is an (1 + )-
approximationof DCLC. ]

5. APPROXIMATION SCHEMES FOR OMCP

In this section, we present an O(mnlogloglogn +
mn=) time (1 + )(K  1)-approximationalgorithm and
an O(mnlogloglogn + m(n=)X 1) time FPTAS for
OMCP(G; s;t; K;W; &), where > 0 is the approximation
parameterOur approximatioralgorithmis basedn a transfor
mationfrom the K -constrainedQoS routing problemOMCP
to the DCLC problem(which hastwo QoS parameters).

Theoemb5.1: Letaninstance of OMCP(G;s;t; K; W ; +)
be given by an edgeweighteddirectedgraphG = (V;E;*+),
a constraintvector W =
destinationnode pair (s;t). De ne a correspondingnstance
0 of DCLC(G;s;t; D; ; ) by the following rules:

G and(s;t) arethe sameasin °;
D= W]_;
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(e) = 1(e); 8e<2)G;
_ ''k(€).
(e)—zmka>§< Wi ; 8e2G.

Assumethat the optimal valueof * is °MCP andthe optimal

value of "0 is BCLC. Then RJCLC OMCP (K 1).
For ary given 1, ans—t path is a -approximation
of DCLC(G;s;t; D; ; ) impliesthat is a (K 1)-
approximationof OMCP(G; s;t; K; W ; +). 2

PRrROOF. As discussed@ttheendof Section2, we assumehat
thereis an s—t pathin G whose rst weightis no morethan
W1, asotherwiseneitherof the two problemshasa feasible
solution.

Use OMCP to denotean optimal solution of *. We have

( OMCPy =1 5( OMCP)y W, = D. In addition,we have

I ( OMCPy, (e  OMCPw: 2 k K: (5.1)
e2 OMCP
Inequality (5.1) implies
X 1
L&) ower 5k Kk (52)
Wi
e2 OMCP
Summing(5.2) overk = 2;3;:::; K, we obtain
X X
L@ gy ower, (53
Wy
@2 OMCP k=2
Therefore
X (e X X 19 omce
2mkaxK Wi Wi (K 1) - : (5.9
e2 OMmcCP e2 OMCP k=2
Inequality (5.4) implies
( OMCP)y X max ' «(8) (K 1) OMCP. (55
' 2 k K Wy o
e2 OMCP
Since ( OMCP)  w; = D, OMCP s a feasiblesolutionto

BCLC This leadsto
1) OmcP.

*0 Thereforewe have ( ©MCP)

DOCLC ( QMCP) (K (56)

Leta -approximatiorof DCLC(G;s;t; D; ; ) bedenoted

by ans—t path . Thuswehae!1( )= () D= W;
and () BCLE . Using inequality (5.6), we have
( ) jD()CLC (K 1) OMCP_— (K 1) QMCP: (57)
On the otherhand,we have
X l'k(€) X 1 (e
(). max <2 x o
o 2 KK Wy 2 kK, Wy
_ ()t .
= 2rr?<a>§< Wi Wi ;2 k K: (5.8

Combining(5.8), the factthat ( ) BCLC and(5.6),

we know thatfor 2 k K, we have

M) ()W Bw (K 1) MPw: (5.9)
Therefore is a (K 1)-approximation of
OMCP(G;s;t; K; W +). ]

Algorithm 4 (1+ )(K  1)-Approx(G;s;t; K; W ;&)
1: Constructthe instance'® of DCLC correspondingo the
giveninstance of OMCP asin Theorem5.1.
2: Apply FPTAS-DCLC to computean s—t path
isan(1+ )-approximationof .
3: Output asan(l+ )(K 1)-approximationof .

which

Basedon Theoremb.1andFPTAS-DCLC presentedh Sec-
tion 4, we presentan (1+ )(K 1)-approximationalgorithm
for OMCP(G;s;t; K; W; +), which is listed as Algorithm 4.

The basic idea of Algorithm 4 is as follows. In line 1,
we spendO(K m) = O(m) time to constructan instance’°©
of DCLC correspondingto the instance™ of OMCP asin
Theorem5.1. In line 2, we apply FPTAS-DCLC to compute
ans—t path  whichisan(1+ )-approximatiorto the newly
constructednstance ° of DCLC, in O(mn logloglogn+ M)
time. According to Theoremb5.1, isa(l+ YK 1)
approximatiorto theinstance of OMCP. Thereforewe have
proved the following theorem.

Theoem5.2: The path found by Algorithm 4 is an

1+ )K 1)-approximationof OMCP(G;s;t; K; W ;+),
ie, '1( ) W; and !'( ) 1+ XK
1) OMCPWwy; 2 K K, where ©MCP is the op-

timal value of OMCP(G;s;t; K; W ;). Algorithm 4 has
O(mn logloglogn + ™) time compleity. 2
Using the above approximationalgorithm, we designan
O(mnlogloglogn + m(2)X 1) time FPTAS for OMCP,
namedFPTAS-OMCP, and presentedas Algorithm 5.

Algorithm 5 FPTAS-OMCP(G; s;t; K; W +)
1: Computea 1:5(K  1)-approximationp of OMCP by
Algorithm 4 with = 0:5.
22if T(p)=0; 2 k K then
3. output p and stop. p is an optimal solution of
OMCP(G;s;t; K; W ; +).
4. end if

5: SetLB := LB := max, « « ﬁ
SetUB:= UBY = maxp  x 5.

6: if UB 4 LB then

7:  goto line 14.

8: else q

o0 LetC:= UBLE

10. if TESTp(C;1) = NO, setLB:= C.

11: if TESTp(C;1) = YES setUB:= 2C.

12:  goto line 6.

13: end if

14: Set = nl. Apply Algorithm 1 to
MCPP(Gp;s;t; K;Wq; b0 Ve + n 1;+,) and
output the correspondindeasiblepath ©.

The basicidea of FPTAS-OMCP is as follows. First, in

line 1, we apply Algorithm 4 with = 0:5 to computean s—t
i 'k (p)

path p. According to Theorem5.2, max; « k 15 Hywy

is a lower bound for ©MCP and max, « is an

'k (p)
K Wy
upper boundfor OMCP Second,in lines 2-4, we checkto
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see whetherthe path p is actually an optimal solution for
OMCP(G;s;t; K; W ; +). If so, the algorithm stopswith an
optimal solution p. If not, in line 5, we setthe initial lower
boundof ©MCP to LB max, x « ﬁ and the

initial upperboundof OMCP to UB®  max, « « H2.
Then,in lines 6-13, we usethe apprOX|matetestlngprocedure

TESTp to generatea sequencef re ned lower bound-upper !

bound pairs so that the ratio of the upper bound over the
correspondingower bound becomessufciently small (less
thanor equalto 4). Finally, in line 14, we solve an instance
of MCPP to obtainan (1 + )-approximationof OMCP.
Following the techniquesof [15] and [31], we can prove
the following theorem,whoseproof is left in AppendixC.
Theoem5.3: Algorithm 5 nds an(1+ )-approximatiorof
OMCP(G;s;t; K;W;+) in O(mn logloglogn + m(™M)X 1)
time. 2

6. A FAST ALGORITHM TO DECIDE THE FEASIBILITY OF
DMCP OR THE INFEASIBILITY OF DMCP

The DMCP problemhasbeenstudiedby ChenandNahrst-
edt [3] for the caseK = 2 and by Yuan [32] for the case
K 2. Using the techniqueof scalingall but the rst QoS
parametersthey presentedpolynomial time algorithmssuch
that, for ary given constant > 0, the algorithms either
nd a feasiblepath for DMCP, or concludethat DMCP is
infeasible. The algorithm of Chenand Nahrstedthasa time
complity of O((m + nlogn)™) (for the caseK = 2). The
algorithm of Yuanhasa time compleity of O(mn(2)X 1),
We presenta fasteralgorithm for solving the sameproblem.
Our algorithm, called FAST-DMCP, is listed in Algorithm 6.

Algorithm 6 FAST-DMCP(G;s;t; K; W ; +)

1. SetH = 1.
2. Set = H,
3. if (MCPP(Gp;s;t; K;Wy; bt c; +,) is feasible)then
4: Let bethes—t pathreturnedby Algorithm 1.
5. if () Wi 2 k K then
6: output path andstop: is a feasiblesolution of
DMCP(G;s;t; K; W ; ).
. endif
8. end if
9:if H<n 1then
10: SetH := minf2H;n 1g, goto line 2.
11: else
12:  stop: DMCP (G;s;t; K; W ;) is infeasible.
13: end if

The basic idea of Algorithm 6 is basedon the fact that
if DMCP has a feasible solution  with a hop count of
H, then we can computea feasible solution of DMCP in
o(m(H)X 1) time by solvinganinstanceof MCPP obtained
by scalingG with = 2 whereH is ary integer between
H andn 1. However, we do not know the exact value of
H a priori. Thereforethe algorithm usesa parameterH to
estimateH. H is initially setto 1 andis doubledevery time
we nd thatit is not large enough.

The doubling techniquehas beenusedby Goel et al. [7]
in their delay-scalingalgorithmfor computingdelay-sensitie
routes.The delay-scalingalgorithmof [7] usesthe scalingand
roundingtechniqueof Hassin[9], which leadsto nonngative
edge weights. Thereforea straightforvard extension of the
delay-scalingalgorithm to the caseof K 2 additve QoS
parametersvould lead to an algorithmwith a time comple-
ity of O((m + nlogn)(H)X 1). Our algorithm has a time
compleity of O(m(H)K 1), since we use the scaling and
rounding techniqueof Lorenz and Raz [15], which leadsto
positive edgeweights. It is the combinationof the doubling
techniqueof [7] andthe scalingandroundingtechniqueof [15]
that leadsto the reducedtime compleity.

Theoem6.1: FAST-DMCP either nds a feasible path
of DMCP or conrms the infeasibility of DMCP , in
Oo(m(™)K 1) worst-casetime. If DMCP has an H-hop
feasible path, then FAST-DMCP nds a feasible path for
DMCP in O(m(H)K 1) time. 2

PROOF. Let us rst analyzethe time compleity of Al-
gorithm 6, which is dominatedby the solution of MCPP
instancesin line 3. Supposethat FAST-DMCP solves t
instancesof MCPP using Algorithm 1, with H taking the
valuesl = H; < H, < < H. ThenH; = 2 1 for
j =12t landHy = minf2';n 1g. Thereforethe
total time requwedfor theset callsto Algorithm 1 is bounded
by (recaII thatk 2isa constant)

o(m(™ Yk = om(THe Y): (6.0)

SinceH; n 1, Algorithm 6 stopseitherin line 6 or in
line 12, with a worst-casdime compleity of O(m(He)K 1),
which is boundedoy O(m(2)X 1),

In thefollowing, we will provethatif DMCP hasafeasible
solution with H hops, then Algorithm 6 nds a feasible
solution of DMCP andstopsin line 6 with H = H; such
that H; < 2H. Let ©°P! pe a feasible solution of DMCP
which hasH hops.We musthave

Pi( %) W k() 1 )Wk 2 ko K: (6.2)

Due to the condition checkingin line 5, we know that if
Algorithm 6 stopsin line 6, the computedpath is a
feasible solution of DMCP. Thereforeif H; < H, Algo-
rithm 6 musthave found a feasiblesolution of DMCP with
running time boundedby O(m(H«)X 1) = Oo(m(H)K 1).
Assume that we enter line 2 with H H. We will
prove that ©°P' is a feasible solution of the instance of
MCPP(G;;s:t; K;Wl;bic;kp) andthatthe path (which
could be differentfrom ©°Pt) found in this stepis a feasible

Hiyenyy 4 o(me

solutionof DMCP. Since! ,, = ! 1, (6.2) implies
Lo (%), 1a( %) W (6.3)
Sincethe hop-countof ©°P isj °%P'j = H H, (6.2) also
implies
(e X (e

Lo (%), (b k()C+ 1) (ng()‘*l)

e2 ot e2 ot k

— !k( opt) +j optj
Wy
@ ) +H;2 k K: (6.4)
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Recallthat = H. Therefore(6.4) implies
Lo () (1) sH=" 2 Kk ki (65
Since!  ( °") is integervalued, (6.5) implies
(P bl 2 kK (6.6)

(6.3) and (6.6) imply that ©°P' is a feasible solution of
MCPP(Gp ;s;t; K;Wy; bfc; &5 ). Thereforewith this value
of H, thealgorithmis guaranteedo nd apath (whichmay
be differentfrom ©°P!) in line 3, which is a feasiblesolution
of MCPP(G ;s;t; K;W4q;bH-c;+ ). Thereforewe have

Pa()="'p() Wi (6.7)

and H
p() —

It follows from the de nition of !, (e) that!,, ()
W k( ). Therefore(6.8) implies

,max = (6.8)

() oM we2 kK (6.9

(6.7) and (6.9) imply that is a feasible solution of
DMCP(G;s;t; K; W ; ) and that Algorithm 6 must stop in
line 6 after is computedwith H H. Sincea feasiblepath
for DMCP is guaranteedo be found when we enterline 2
withH H, we musthave H < 2 H whenthis (feasible
to DMCP) is computed.Thereforethe running time of the
algorithmis O(m(H)K 1) in this case. [ ]

When DMCP is feasible, FAST-DMCP nds a feasible
solution of DMCP in O(m(2)X 1) time, whereH is the
minimum hop-countof a feasiblesolution of DMCP . Note
thatin practice,H could be much smallerthann. Therefore
FAST-DMCP runsfasterthan FPTAS-OMCP whenDMCP
is feasible. WhenFAST-DMCP failsto nd afeasiblepathto
DMCP, we caninfer that DMCP is infeasible.Note thatthe
runningtime of the algorithmis O(m(2)X 1) in this case.

Chen and Nahrstedt[3] (for the caseof K = 2) and
Yuan [32] (for the generalcaseof K 2) also presented
polynomialtime algorithmsthat are guaranteedo nd a fea-
sible solutionof DMCP whenDMCP is feasible.Compared
with the O(mn= + n?logn=) time algorithm of Chenand
Nahrsted{3] (for the caseof K = 2), our algorithmis faster
both when DMCP (G; s;t; 2; W ; &) is feasible (with a time
compl«ity of O(mH=)) andwhenDMCP (G;s;t; 2;W;+)
is infeasible(with atime compl«ity of O(mn=)). Compared
with the O(mn(2)K 1) time algorithmof Yuan[32] (for the
generalcaseof K 2), our algorithmis fasterby a factor of
n at least.

7. NUMERICAL RESULTS

In this sectionwe presensomenumericalresultsto con rm
our theoreticalanalysis.We implementedFPTAS-OMCP of
this paper(denotecoy OMCP in the gures), FAST-DMCP of
this paper(denotecdby DMCP in the gures), the (1+ )(K
1)-approximationalgorithm of this paper(denotedby Appx
in the gures), andcomparedhemwith Yuan's heuristic[32]
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(denotedby YUAN in the gures), aswell asthe FPTAS of
Xue et al. [31] (denotedby SMCP in the gures). All tests
were performedon a 2.4GHz Linux PC with 2G bytes of
memory

We usedwell-known Internettopologiesto verify the suit-
ability of the algorithms,and randomly generatedopologies
to verify the computationakcalability of the algorithms.The
well-known Internettopologiesusedfor our testsare ArpaNet
(20 nodesand 32 edges)and ItalianNet (33 nodesand 67
edges) Thesetopologiescanbe foundin Anderseretal. [1].
As in Xue et al. [31], we usedBRITE, a well-known Internet
topologygeneratof2], to generatgandomtopologies BRITE
provides several well-knavn models(including the Waxman
model[25]) for generatingeasonabl@etwork topologies We
adoptedthe Waxman model to generaterandom networks,
using the parametersprovided by BRITE. In the Waxman
model, nodesare randomlyinsertedone by oneinto a square
eld of size1000 1000m?. Let d(u; v) denotethe Euclidean
distancebetweennodesu andv. The probability of having a
bidirectededge(u; v) connectinghodesu andvis e M
wheree is the basefor naturallogarithms,L is the maximum
distancebetweentwo nodes,and ;  aretwo parameters
in the intenal (0;1]. We have used = 0:15and = 0:2
(the default parametersetby BRITE). We used ve different
numbers of nodes: 80; 100 120, 140 160. Correspondingly
BRITE generated ve network topologieswith the following
sizes: (1) 80 nodeswith 314 edges,(2) 100 nodeswith 390
edges(3) 120 nodeswith 474 edges (4) 140 nodeswith 560
edges,5) 160 nodeswith 634 edges.

As in [3], [7], [12], [13], [31], [32], the edge weights
were uniformly generatedin a given range (we used the
range [1; 10). From our analysis, one should expect our
algorithmsto perform similarly on variousedgeweights.We
report numerical results for the caseof K = 3. For each
network topology and eachgiven value of , we generated
10 source-destinatiorpairs for testing. For each such test
case(topology , source-destinatiopair), we consideredwo
scenariostight constaint and -looseconstrint. A constraint
vector(Wq; Wy; W3) is tight, if (1) thereis ans—t pathp such
that! 1(p) W3 and(2) DMCP is infeasible,i.e., theredoes
not exist an s-t pathp suchthat! «(p) Wyx; 1 k 3.
A constraintvector (W1;W;; W3) is -loose if DMCP is
feasible,i.e., thereexists ans—t pathp suchthat! ;(p) W;
and! «(p) (1 ) Wg; 2 k3. We studiedthese
two scenariopecaus€l) FAST-DMCP andYuan's algorithm
guarantee nding a feasible of DMCP if and only if the
constraint vector is -loose; (2) FAST-DMCP has a time
compleity O(m(H)X 1) when the constraintvector is -
looseandhasatime compleity O(m(2)K 1) otherwiseThe
performanceof FPTAS-OMCP, FPTAS-SMCP and Appx
should be independentof the tightnessor loosenesf the
constrainwvector Our numericalesultsarepresentedn Figs.2
through5, whereeach gure shaws the averageof 10 runs.

Fig. 2(a) illustratesthe running times (in seconds)of the
differentalgorithms(illustratedin the order OMCP, DMCP,
SMCP, Appx, YUAN), as well as their dependeng on the
tightnessof the constraintvector usingthe caseof = 0:2 for
ItalianNet. As expected,FAST-DMCP and Appx are always
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the fastest FPTAS-OMCP and FPTAS-SMCP have similar
runningtimes,andYUAN takesthe longesttime. The running
timesof Appx, FPTAS-OMCP andFPTAS-SMCP areinde-
pendentof the tightnessof the constraint,while the running
time of FAST-DMCP is very smallfor looseconstraintandis

about10% of that of FPTAS-OMCP for tight constraint.The
running time of FAST-DMCP can be explained as follows.

Whenthe constraintis loose, FAST-DMCP takes O(m()?)

time, whereH is oftenvery small. This leadsto the very small
runningtime. Whenthe constraintis tight, time runningtime

of FAST-DMCP is dominatedby the solution of an instance
of MCPP with Ct 2, while the running time of FPTAS-

OMCP is dominatedby the solutionof aninstanceof MCPP

with Ct 21 + n. Thereforethe ratio of the runningtime of

FPTAS-OMCP over thatof FAST-DMCP is roughly equalto

(3" + n)2=(1)2 = (3+ )2t 10:24. We alsoobsere thatthe
runningtime of YUAN may increasewith W slightly, but not
signi cantly. Thisis dueto thefactthatmoreedgerelaxations
may be performedby YUAN for larger valuesof W.
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Fig. 2(b) illustrates the running times (in seconds)of
FAST-DMCP, FPTAS-OMCP, FPTAS-SMCP andYUAN as
functionsof , usingthe caseof tight constrainffor ItalianNet.
As expected the runningtimes increasewith 1.
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To study the scalability of FAST-DMCP and FPTAS-
OMCP with the network size, we also testedFAST-DMCP
FPTAS-OMCP and FPTAS-SMCP on large, randomlygen-
eratedhetwork topologiesasdescribedn thesecondoaragraph
of this section.Herewe have used = 0:5 for the testcases.
The running times of our algorithmsare shavn in Fig. 3(a)
andFig. 3(b). For the caseof tight constraintwe obsere that
the running times of all three algorithmsincreasewith the
network size. FAST-DMCP requiredthe leastamountof time

(but did not returnary path, otherthan claiming that DMCP
is infeasible).For the caseof loose constraint,we obsere
that FPTAS-OMCP andFPTAS-SMCP have similar running
timesasin the caseof tight constraintHowever, FAST-DMCP
is very efcient in this case.This showvs that the numerical
resultsmatchvery well with our theoreticalanalysis.

¥

| EAGUA ! v, ()W,
[ wy(PW, [ W)W,
[ RXQU e,

3 3 0.8 Ws(p) 3

Weight Ratio
)
=)

o B N W b
Weight Ratio

o
>

Q
N

OMCP DMCP SMCP Appx YUAN

OMCP DMCP SMCP Appx YUAN

(a) ArpaNet, tight constraint (b) ArpaNet, looseconstraint

Fig. 4. ArpaNet, Ratio of pathweight vs constraint.

[ OLA ! v,
O we,

P,

o o
o =3

Weight Ratio
o
=

Weight Ratio

ok N ow s
o
N}

OMCP DMCP SMCP Appx YUAN

OMCP DMCP SMCP Appx YUAN

(a) ltalianNet, tight constraint (b) ItalianNet, looseconstraint

Fig. 5. ltalianNet, Ratio of pathweight vs constraint.

Fig. 4(a) shows the vector ("5 ; 12{); 11(P)y for the path
p computedby eachof the ve algorithmsfor ArpaNet with
tight constraintsuchthat DMCP is infeasible.We have used

= 0:5 for the casedn this gure. Whenan algorithmfailed
to nd a path, we usethe vector (1 ;1 ;1) in the gure.
We obsere that FPTAS-OMCP, Appx and FPTAS-SMCP
all found source-destinatiompaths, while FAST-DMCP and
YUAN failedto nd asource-destinatiopath.Thisis expected
becausehereis no feasiblesolution to the decisionversion
of the problem.We also obsere that FPTAS-SMCP found
pathswith the minimum-maximumratio !  (p)=Wx among
thethreeconstraintsl k3, without strictly enforcingthe
rst constraint,while both FPTAS-OMCP and Appx strictly
enforcethe rst constraint. Fig. 4(b) showvs the result for
ArpaNet with looseconstraintsuchthat DMCP s feasible.
As expected,all ve algorithmswere ableto nd a source-
destinationpathin this case.Fig. 5 shavs the corresponding
resultson ItalianNet, wherewe canmale similar obsenations.

8. CONCLUSIONS

In this paper we have studiedthe multi-constrainedQoS
routing problemwith K 2 additive constraints We studied
an optimization version of this problem (called the OMCP
problem)by approximatingk 1 constraintswhile enforcing
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oneof the constraintsThe OMCP problemcontainsthe well-
known DCLC problem as a special casewhen K = 2.
We rst presentechn FPTAS for DCLC of time compleity
O(mn logloglogn + mn=), which is betterthanthat of the
best-knevn algorithm due to Lorenz and Raz [15]. Next we
presenteda theoremcharacterizingthe performanceratio of
approximatingan instanceof OMCP using a corresponding
instanceof DCLC. Basedon this theorem,we presentedan
@+ XK 1)-approximationalgorithm for OMCP with
time compleity O(mn logloglogn+ mn=), for any constant

> 0. We then presentedan FPTAS for OMCP with a
time compleity of O(mn logloglogn + m(™)X 1), where

> 0 is the approximationprecision.When K is reducedto
2, our approximatioralgorithmsbecomg(1+ )-approximation
algorithmsfor the DCLC problem.For the decisionversionof
the problem, we presentecan O(m(2)X 1) time algorithm
which either nds a feasiblesolution or con rms that there
doesnotexist asource-destinatiopathwhose rst pathweight
is boundedby the rst constraintand whose every other
path weight is boundedby (1 ) times the corresponding
constraint.If there exists an H-hop source-destinatiompath
whose rst pathweightis boundedby the rst constraintand
whoseevery otherpathweightis boundedby (1 ) timesthe
correspondingonstraintour algorithm nds afeasiblepathin
o(m(H)X 1) time. This algorithmimproves previously best-
known algorithmswith O((m + nlogn)n=) time for K = 2
andO(mn(n=)X 1) timefor K 2.
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APPENDIX

A. Proof of Lemma3.3.

WhenTESTy (C; ) returnsYES, we have ans—t path that
is a feasible solution of MCPN(G,;s;t; D;b>1c; ; ).
Thereforewe have

()

D; (A1)

Recallthat = %t and (e)=b (e) c> (e 1,

8e2 E.Hence ()> () (n 1),since hasat
mostn 1 hops.Thereforewe have
n 1 n 1
c () (n 1) (A.2)
This leadsto
() @+ )C: (A.3)
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Therefore PCLC
value of DCLC.
Now assumehatTESTy (C; ) = NO. This meanghatfor

(1+ )C. Recallthat PCLC s the optimal

anys-t path , () D implies
1
()> bl ¢ (A.4)
Since () is aninteger, we have
1 1
() b Ze+1s o (A.5)
On the otherhand,we have () (). Thereforewe
have
n 1 n 1
> ; A.6
= O , (A.6)
which implies () > C. Given the arbitrarinessof , we
concludethat PCLC > C. [ ]
B. Proof of Lemma3.4.
WhenTESTp (C; ) returnsYES, we have ans—t path that

is a feasiblesolution of MCPP(G, ;s;t; K;D;b™1c+ n

1;+;). Thereforewe have! () D= W; and
() Btern 12 Kk K (B.1)
Recallthat = 21 and!,,(€) = b%c+ 1> %
8e2 E.Hencel p ( )> 2 2 k K. Thereforewe
have
n 1 n 1 !'y()
+n 1 ;2 kK B.2
C Wi (B.2)
This leadsto
() @+ )C We: 2 k K: (B.3)

Therefore ©MCP
value of OMCP.
Now assumehat TESTp (C; ) = NO. This meanghatfor

(1+ )C.Recallthat °MCP s theoptimal

anys-t path ,!.( ) W; implies
oo()> b Tcen 1 (B.4)
Since! , () isaninteger(2 k K), we have
oo()> 2 2en 12 k K: (B5)
On the otherhand,we have ! () # +n 1, since
hasat mostn 1 hops.Thereforewe have
n 1 ()_n 1
1+ > +n 1,2 k K:(B.6
c We (B.6)
which implies ! ( ) > C W; 2 k K. Given the
arbitrarinesof , we concludethat °MCP > C. [ ]
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C. Proof of Theoem5.3.

Let fLBlg and f UBI''g denotethe sequencesf lower
boundsand upper bounds generatedby the algorithm. We
know that

Lgll  omcP - ygll (C.1)
is true fag i = 0. Assumethat (C.1) is true for i a | O.If
TESTe( L80LE0 1) = NO, wesetLB!*Y = Lol Lell

anduB!™ := UBl'. If TESTp( LBLUBL.1) = YES we

setLBl™Y = LB anduB!™ := 2 LBUUBL 'y follows
from Lemma3.4 that (C.1) is alsotrue for i = | + 1. Also
from the de nition of the sequence$LB!'g andf UBl'lg, we
have

usl! _obele 41 ugld 2
LBl B0
o
ugld ?
2 o =12 (C.2)

Thereforethe condition in line 6 can be false (hencethe
statementsin lines 9-12 be executed) for no more than
dog(logUB®  logLB™)e times. However, logUBM
logLB®  log(1:5 (K 1)) = O(1) accordingto Theo-
rem5.2. As aresult,the worst caserunningtime requiredby
lines 2-13 of the algorithmis boundedoy O(mnK 1).

In the rest of this proof, we will use to denote'ﬂT1 (as
in line 14) to simplify notationswithin the proof. Let ©MCP
denotean optimal solution of OMCP(G; s;t; K; W ; ), i.e.,

OMCP is an s-t path such that ! {( ©MCP) W; and

Ly ( OMCPy  OMCP W, fork = 2;::1;K. Since!  (€) =
bk(® mw—c*+l 'k gw— + 1foreveryedge
e2 E, we have (notingthat °MCP hasat mostn 1 edges)
1
| OMCPy | ( OMCP n
Ppi ) I )LBWk +n 1
omer N1
B n 1
UB 1
VBN Dyn 12 k k:(c3

LB

(C.3) implies

ey (OMCP) b%c+n 1,2 k K: (C4)
This implies that ©MCP s a feasible solution of

MCPP(Gp;s;t; K;Wy; b2 Dt n o 1;+,). Therefore
line 14 of the algorithmis guaranteedo nd a feasiblepath.
Note that (C.3) alsoimplies

omcp N 1+ )
—+n 1
LB

Let © bethes-t pathfoundin line 14 of the algorithm.
It follows from Lemma 3.1 that © is a feasible solution
of MCPP(Gp;s;t; K; Wy;c;+p), where c is the smallest
integer less than or equal to b%c + n 1 suchthat
MCPP(Gp;s;t; K;Wy;c;+p) is feasible.Since © is opti-
mal for the instanceof MCPP while O©MCP s only feasible

OMCP
Pk( )

2mkaxK ! (C.5)
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for the sameinstancethe maximumpathweightof € cannot
exceedthe maximumpathweight of OMCP:

| G | OMCP\.
,max p( ) ,max P ): (C.6)
Combining(C.6) with (C.5), we obtain
1
| G omcp N :
2mkaxK ' () B +n L (C.7)
On the otherhand,we also have
, (G)_X @) X 1(e (n 1)
" Pk = " Pk TR W,
e2pc e2 G LB Wi
1
=1 G n . .
'w( ™) B W, ;2 k K: (C.8)
Combining(C.7) and (C.8), we have
1 n 1
o6y L1 omce N1 ) .
i )LBWK B n 1,2 k K:

(C.9
Somealgebraicmanipulationson (C.9) yield the following.

Le( ©) OMCP Wy + LB W
1+ ) OMCPw,:2 k K:(C.10)

Therefore © is an (1 + )-approximation to

OMCP(G;s;t; K; W ; +). It follows from Lemmag3.1 thatthe
worst casetime compleity of line 14is O(m(2)X 1). Since
K 2is aconstantthetime compleity of line 14 dominates
the time compleity of lines 2-13. Sincethe time compleity
of line 1 is O(mn logloglogn), the overall time compleity
of Algorithm 5 is O(mn logloglogn + m(™)X 1), [ ]
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