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Abstract— Médard, Finn, Barry and Gallager proposed an
elegant recovery scheme(known as the MFBG scheme)using
red/blue recovery tr ees for multicast path protection against
single link or node failur es. Xue, Chen and Thulasiraman
extendedthe MFBG schemeand intr oducedthe conceptof quality
of protection (QoP) as a metric for multifailur e recovery capa-
bilities of single failur e recovery schemes.They also presented
polynomial time algorithms to construct recovery tr eeswith good
QoP and quality of service (QoS). In this paper, we present
faster algorithms for constructing recovery tr eeswith good QoP
and QoS performance. For QoP enhancement,our O(n + m)
time algorithm has comparable performance with the previously
best O(n2(n + m)) time algorithm, where n and m denote the
number of nodesand the number of links in the network, respec-
tively. For cost reduction, our O(n + m) time algorithms have
comparable performance with the previously best O(n2(n + m))
time algorithms. For bottleneck bandwidth maximization, our
O(m log n) time algorithms impr ove the previously best O(nm)
time algorithms. Simulation results show that our algorithms
signi�cantly outperform previously known algorithms in terms
of running time, with comparable QoP or QoS performance.

Index Terms— Protection and restoration, redundant tr ees,
QoS, QoP, bottleneck bandwidth.

1. INTRODUCTION

Protectionand restorationin high-speednetworks are im-
portantissuesthathave beenstudiedextensively [1], [9], [10],
[16], [19], [20], [21]. They have importantapplicationsin both
SONETandWDM networks [14], [15], [26]. Path protection
and link protectionschemeswereproposedin [1], [19], [20],
[21]. Protectioncycles and self-healingrings were discussed
in [6], [26]. The p-cycle protection schemewas proposed
in [7]. Itai and Rodehin [8] proposedto use multi-treesto
achieve singlelink or singlenodefailure restoration.For mul-
ticast protectionand restoration,Médardet al. in [10], [11],
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[12], extendedthemulti-treeschemeby constructinga pair of
redundanttreeson arbitrarylink-redundantor node-redundant
networks.Theseschemesareapplicableto IP, WDM, SONET
andATM networksto providemulticastprotectionandrestora-
tion in caseof singlelink or nodefailure[14], [16], [20], [21],
[22].

In [11], Médard, Finn, Barry and Gallager presentedan
elegant scheme(known as the MFBG scheme)to construct
a pair of directedspanningtreesfrom a commonroot node
s in a way that the failure of any edge(or a nodeother than
the root node)in the graphleaveseachvertex still connected
with the root node using at least one of the trees,provided
thatthenetwork is edge-redundant(or vertex-redundant).They
namedone of the trees the red tree (denotedby T R ) and
the other the blue tree (denotedby T B ). They showed that
for any edge-redundant(or vertex-redundant)network, there
exists a pair of red/blue treeswhich provides fast recovery
from single link (node) failure. They also presentedO(n3)
time algorithmsfor constructingsucha pair of red/bluetrees
for any edge-redundant(or vertex-redundant)network, where
n is the numberof nodesin the network.

In [27], [28], Xue et al. introducedthe conceptof Quality
of Protection(QoP) andQuality of Service(QoS) of red/blue
trees.The QoP of a pair of red/blue trees T R and TB is
de�ned as the maximum integer k such that there exists an
instanceof k simultaneouslink failures that T R and TB

cansurvive. Dependingon differentdesigngoals,the pair of
red/blue trees could be constructedto maximize the QoP,
to minimize the total cost, or to maximize the bottleneck
bandwidth.Xue et al. in [28] presentedanO(n2(m+ n)) time
heuristicfor constructingapairof red/bluetreeswith enhanced
QoP, two O(n2(m + n)) time heuristicsfor constructinga
pair of red/blue trees with low total cost, and an O(nm)
time algorithm for constructinga pair of red/bluetreeswith
maximum bottleneck bandwidth, where n and m are the
number of nodesand the number of links in the network,
respectively.

In this paper, we presentimproved algorithmsover those
presentedin [28]. For QoP enhancement,we present an
O(m + n) time algorithm that exhibits performancecompa-
rable to that of the algorithm of [28]. For cost reduction,we
considerthe casewhereedgeshave equalcosts,and present
two O(m + n) time algorithms that exhibit performances
comparableto thoseof the algorithmsof [28]. For bottleneck
bandwidth maximization, we present an O(m logn) time
algorithm,improving the O(mn) time algorithmof [28]. The
algorithms presentedin this paper excel both in terms of
running time and in terms of QoP or QoS performance.
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(a) DFS tree
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(b) red/blueTreesby EnhancedQoP
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(c) red/blueTreesby ReducedCostE

Fig. 1. (a) a samplenetwork (ignoring edgedirections,not distinguishingsolid from dashed),a DFS tree (in solid edges),and back edges(in dashed
edges);(b) a pair of single-link failure recovery trees(edgesin the red treearedashed,andedgesin the blue treearesolid) with enhancedQoP; (c) a pair
of single-link failure recovery trees(edgesin the red treearedashed,andedgesin the blue treearesolid) with low cost.

Comparedwith the algorithmsof [11] (which do not consider
QoP or QoS), our algorithmsarefasterandhave betterQoP
or QoS performance.Comparedwith the algorithmsof [28],
our algorithmshave similar QoP or QoS performance,while
having muchfasterrunning times.

The restof this paperis organizedasfollows. In Section2,
we presentsome preliminarieswhich will be used in later
sections. In Sections 3-5, we present our algorithms for
constructinga pair of red/blue trees with enhancedQoP,
reducedcost,or maximumbottleneckbandwidth,respectively.
In Section6, we presentcomputationalresults.We conclude
this paperin Section7.

2. PRELIMINARIES

As in [11] and [28], we usean undirectedgraphto model
the network. We use verticesand nodesinterchangeably, as
well as edges and links. We call a 2-edgeconnectedgraph
edge-redundant, and call a 2-vertex connectedgraphvertex-
redundant. We usehu; vi to denotean undirectededge con-
necting nodesu and v, and use (u; v) to denotea directed
edge from node u to node v. Refer to [25] for other graph
theoreticnotationsnot de�ned here.

De�nition 2.1: Let G(V; E ; s) be an undirectedgraphwith
vertex setV andedgesetE , wheres 2 V is a distinguished
root node. Let T R and TB be a pair of directedtreessuch
that thereis a directedpathpR

v in TR from s to every vertex
v 2 V and a directedpath pB

v in TB from s to every vertex
v 2 V .

1: TR and TB form a pair of single-link failure recovery
treesif for any chosenedgehu; vi 2 E andany w 2 V ,
pR

w andpB
w do not both useedgehu; vi .

2: TR andTB form a pair of single-nodefailure recovery
treesif for any nodev 2 V n f sg, and any nodew 2
V n f s; vg, pR

w andpB
w do not both containnodev.

We will use recovery trees (also known as red/blue trees)
to denoteeither a pair of single-nodefailure recovery trees
or a pair of single-link failure recovery treeswhen the exact
meaningcanbe derived from the context. 2

We brie�y illustrate the conceptof recovery trees using
Fig. 1. The samplenetwork can be obtainedby ignoring the
directionsof the edgesin Fig. 1(a). Fig. 1(b) shows a pair
of single-link failure recovery treesrootedat node1, where
the treewith solid links is T B andthe treewith dashedlinks

is TR . Before any link failure, every nodeis reachablefrom
the root nodevia either the red treeor the blue tree.Suppose
link h7; 8i fails. Thennodes8; 9; 10; 11 aredisconnectedfrom
the root nodeon T B , andnodes7; 12; 13; 14 aredisconnected
from theroot nodeon T R . However, nodes8; 9; 10; 11 arestill
connectedwith the root nodeon T R and nodes7; 12; 13; 14
are still connectedwith the root node on T B . This pair of
treesis not a pair of single-nodefailure recovery trees.When
node8 fails, nodes9, 10, and 11 are disconnectedfrom the
root nodein both trees.The pair of treesin Fig. 1(c) is a pair
of single-nodefailure recovery trees.

Xue et al. in [28] noticed that althougha pair of single-
link failure recovery treesonly guaranteessurviving againsta
single-link failure, it can also survive multiple link failures,
provided that the failed links are isolated. For example, the
pair of recovery trees in Fig. 1(b) can survive up to nine
simultaneouslink failuressuchash1; 2i , h1; 4i , h4; 5i , h5; 6i ,
h3; 8i , h9; 10i , h10; 11i , h7; 12i , h13; 14i . However, the pair
of recovery trees in Fig. 1(b) cannot survive ten or more
simultaneouslink failures. This led them to introduce the
conceptof quality of protection(QoP), formally de�ned in
the following.

De�nition 2.2: Let T R and TB be a pair of single-link
failure recovery trees.The quality of protection(QoP) of T R

andTB is de�ned as the maximuminteger k suchthat there
exists an instanceof k simultaneouslink failuresthat T R and
TB can survive. The MaxQoP problem asks for a pair of
single-link recovery treeswith maximumQoP. 2

By this de�nition, the QoP of the pair of recovery trees
in Fig. 1(b) is 9. Recovery trees with maximum QoP are
soughtwhen the designgoal is to maximize the capability
for multifailure recovery. Besidesoptimizing the QoP metric,
we arealsointerestedin optimizingQoS metricssuchascost
andbottleneckbandwidthasdiscussedin the following.

If network resourceusageis a major concern,we should
seeka pair of recovery treeswith minimum total cost, mea-
suredas the sumof the costsof the links usedby the pair of
trees[28]. We considerthe casewhereall edgeshave equal
cost.A pair of single-link (single-node)failure recovery trees
is called a pair of min-costsingle-link (single-node)failure
recovery trees if it has the minimum total cost among all
single-link (single-node)failure recovery treeswith the same
root. If a bandwidthrequirementis speci�ed, we shouldseek
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a pair of recovery treeswhosebottleneckbandwidthmeets
the requirement,where the bottleneckbandwidth of a pair
of recovery treesis de�ned as the minimum edgebandwidth
amongtheedgesusedby oneof thetrees.A pair of single-link
(single-node)failure recovery trees is called a pair of max-
bandwidthsingle-link(single-node)failure recovery treesif it
hasthe maximumbottleneckbandwidthamongall single-link
(single-node)failure recovery treeswith the sameroot.

In [28], Xue et al. presentedpolynomial time algorithms
for constructinga pair of recovery treeswith enhancedQoP,
reduced cost, or maximum bandwidth. In this paper, we
presentfaster algorithmsfor theseproblems.Our algorithms
are basedon the Depth First Search (DFS) technique[23],
which is brie�y describedin the following as Algorithm 1.
We assumethat the graphG hasn verticesandm edges.

Algorithm 1 DFS(G; v; u)
Input: The global arraysD [] andL [] areinitialized to zero

and the global variableN is initialized to 1. The set of
(directed)treeedgesT andthesetof (directed)back edges
B are initialized to ; .

Output: DFS tree T , back edgesB, DFS numberD [] and
lowpoint numberL [].

1: D[v] := N ; L [v] := D [v]; N := N + 1;
2: for eachvertex w adjacentfrom v do
3: if (D [w] = 0) f w is a descentof vg then
4: T := T [ f (v; w)g; DFS(G; w; v);

L [v] := min(L [v]; L [w]); parent[w] := v;
5: elseif (w 6= u) f w is an ancestorof vg then
6: B := B [ f (v; w)g; L [v] := min(L [v]; D [w]);
7: end if
8: end for

If (u; v) is a directededgein the DFS tree T , then u is
called a parent of v, and v is called a child of u. Node x is
calledanancestorof nodey (y is calleda descendantof x) if
thereis a directedpath from x to y in T . If x is an ancestor
of y in T , we use � (x; y) to denotethe directedpath from
x to y in T . In the descriptionof the Algorithm 1, v is the
currentvertex to be visited, u is the parentof v in the DFS
treeif v is not theroot nodes. TheDFS numberof v, denoted
by D[v], indicatesthe order that nodev is visited during the
depth �rst search.A DFS tree assignsa uniquedirection to
eachedgein G and classi�es thesedirectededgesinto tree
edges and back edges. Let hu; vi be an undirectededgeof
G suchthat D [u] < D [v]. If (u; v) 2 T , we correspondthe
undirectededgehu; vi = hv; ui to thedirectedtreeedge(u; v).
Otherwise,we correspondthe undirectededgehu; vi = hv; ui
to the directed back edge (v; u). The lowpoint number of
node v, denotedby L [v], is the smaller of D [v] and the
smallest/lowestDFS numberof a vertex u thatcanbereached
from v by a sequenceof zeroor moretreeedgesfollowedby a
backedge.Theconceptsof acceptablebackedgeandmaximal
back edgede�ned in the following play an importantrole in
our constructionof recovery trees.

De�nition 2.3: Given a DFS tree T of graphG, together
with a pair of current red/blue treesT R and TB spanning
a subsetof the network nodes(including the root node s),

a back edge(u; w) of T is called an acceptableback edge
with respectto T R and TB , if nodeu is not on T R andTB

while nodew is on both T R and TB . We will usethe term
acceptableback edge if T R andTB canbe implied from the
context. An acceptableback edge(u; w) is called a maximal
back edge if it is impossibleto reacha nodeon T R andTB

from u by a sequenceof oneor moretreeedgesfollowed by
a backedge. 2

Intuitively, if (u; w) is an acceptableback edge,then both
TR and TB contain node w, but not node u. Let v be the
nearestancestorof u (on the DFS treeT ) that is on both T R

and TB , then the tree path from v to u, concatenatedwith
the back edge(u; w) forms a path (or cycle, in casev = w)
connectingnodesv andw via nodesnot yet on T R andTB .
This enablesus to constructa pair of recovery treesef�ciently
in Section3. The conceptof maximalbackedgewill be used
in Section4 to ef�ciently constructa pair of recovery trees
with low cost.

Without lossof generality, we assumethat T , T R andTB

areall rootedat nodes, andthat nodesin G arerelabeledso
that D [v] = v for every nodev. Fig. 1(a) shows a DFS tree
T of a graphG whoseedgeset canbe obtainedby ignoring
the directionsof both the solid edgesandthe dashededgesin
Fig. 1(a). The solid links representtreeedgesandthe dashed
links representback edges. Supposewe areat the stagewhen
only the root node 1 is on the current red/bluetrees.Then
back edges(3; 1), (4; 1) and (5; 1) are the only acceptable
back edges.Among these,(5; 1) is the only maximal back
edge.

It is worth noting that the conceptsof acceptableback
edgeandmaximalbackedgerely on the currentT B andTR

(underconstruction).It is possiblefor a back edgewhich is
non-acceptableat a point in time to becomeacceptablelater.
For example,if node3 had beenaddedonto the currentT B

and TR , then back edges(6; 3) and (8; 3) would become
acceptableback edges,and (8; 3) would becomea maximal
back edge.If (u; v) is a back edge,we say it is an outgoing
back edgeof nodeu, and an incomingback edgeof nodev.
This conceptextendsto acceptableback edgesand maximal
backedges.All of our algorithmsdependon the DFS treeT
rootedatnodes. Whenwetalk aboutancestorsor descendants
of nodes,it is understoodthatthey arewith respectto theDFS
treeT . We will usethe voltage techniqueof [11]. For single-
nodefailure recovery trees,eachnodeu is assigneda positive
bluevoltagevB (u) > 0. Therootnodes alsohasa redvoltage
vR (s) = 0. For single-link failure recovery trees,eachnode
u is assigneda blue voltage vB (u) and a red voltage vR (u)
suchthat vB (u) > vR (u), with the root nodes having a zero
red voltage,vR (s) = 0. To speedup the computation,at each
node u, we also maintain (using the variable vmax (u)) the
maximumvoltage that is smaller than vB (u).

3. ENHANCING QUALITY OF PROTECTION

In this section,we presentan O(n + m) time algorithm
for constructinga pair of single-link failure recovery trees
with QoP performancecomparableto the O(n2(n + m))
time algorithm of [28]. In [28], Xue et al. noted that the
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constructionof red/blue trees is closely related to the ear
decompositionof a graph [25]. An open ear of a graph G
is a maximalpathwhoseinternalverticeshave degree2 in G.
A closedear of a graphG is a cycle C suchthatall verticesof
C exceptonehavedegree2 in G. An (open)eardecomposition
of G is a decompositionP0; : : : ; Pk such that P0 is a cycle
and Pi for i � 1 is an openear of P0 [ � � � [ Pi . A closed-
ear decompositionof G is a decompositionP0; : : : ; Pk such
that P0 is a cycle and Pi for i � 1 is either an openear or
a closedear of P0 [ � � � [ Pi . For example, for the sample
network in Fig. 1(a) (ignoring edge directions),we have a
closed-eardecompositionwith 8 ears(whereP6 is a closed
ear): P0 = (1; 2; 3; 1), P1 = (1; 4; 3), P2 = (1; 5; 4), P3 =
(5; 6; 3), P4 = (6; 7; 8; 3), P5 = (5; 12; 7), P6 = (8; 9; 10; 8),
P7 = (8; 11; 10), P8 = (12; 13; 14; 7).

Xue et al. [28] proved that the QoP of a pair of red/blue
treesis the sameas the numberof earsin the corresponding
closed-eardecompositionof the subgraphof G inducedby
the pair of red/bluetrees.Consequently, it is desirableto use
more earsin the constructionof the red/bluetreesif QoP is
our major concern.

We have two designgoalshere.First,we wantto constructa
pair of recovery treesef�ciently . Second,we want to construct
the pair of recovery trees using as many ears as possible.
Following the discussionimmediatelyafter De�nition 2.3, we
constructthe pair of recovery treesT R and TB by adding
earsthat correspondto acceptablebackedges.Thereare two
advantagesto thisapproach.First,by �nding earsstartingfrom
anacceptablebackedgewe canconstructthepair of recovery
treesin linear time, which is asymptoticallyoptimal. Second,
by addingan ear whenever we seean acceptableback edge,
we canconstructa pair of recovery treesusingrelatively more
ears.Thereforethepair of recovery treessoconstructedshould
have high QoP. Our algorithmis listed asAlgorithm 2.

The algorithmstartswith T R andTB initialized to contain
therootnodes only. Wemakeanodemarkedwhenit is visited
to ensurelinear time complexity. The algorithmusesa queue
mar kedQ to hold markednodesthatarenot processed.It uses
a stackmar kedS to insert the marked nodesinto mar kedQ
in a desiredorder. Initially, only the root node s is marked
andinsertedinto the queuemar kedQ. With the exceptionof
nodes, all othernodeswhich are in mar kedQ arecandidate
nodesto be addedto the current T R and TB , but are not
on the currentT R andTB yet. Thereare two major stepsin
Algorithm 2. The �rst major step(Lines 7 through11) is the
markingstep. Oncewe �nd that (w; u) is a backedgeandw
is not marked, we mark w and all of its unmarked ancestors
(Lines 8 through 10) and insert thesenodesinto mar kedQ
in reverseorder (Line 11). The secondmajor step(Lines 13
through 20) is the adding step. Starting from an acceptable
back edge(u; w), whereu is the marked node that has just
beendeletedfrom mar kedQ, we add the ear formed by the
treepathfrom v to u, followedby thebackedge(u; w), where
v is the nearestancestorof u that is alreadyon the current
TR andTB . The processcontinuesuntil all nodesareadded
to TR andTB .

We illustrateAlgorithm 2 with thesamplenetwork (together
with a DFS tree T ) shown in Fig. 1(a). Node 1 is the root

Algorithm 2 EnhancedQoP(G; s)
1: ComputeDFS tree T rootedat s. Relabelthe nodesso

that D [v] = v for every node v. Initialize T R and TB

to the empty tree. Initialize the queuemar kedQ and the
stackmar kedS to empty.

2: Mark node s, insert it into mar kedQ and add it onto
TB andTR . Set the voltagesvB (s) andvR (s) suchthat
vB (s) > vR (s) = 0. Setvmax (s) := 0.

3: while (mar kedQ is NOT EMPTY) do
4: Dequeuea nodeu from mar kedQ.
5: for (eachadjacentnodew of u) do
6: if ((w; u) is a backedge)then
7: // mark nodesfrom w to its marked ancestor.
8: while (w is not marked) do
9: Mark w. Pushw onto mar kedS.

w := parent[w];
10: end while
11: Popall theelementson mar kedS andinsertthem

into mar kedQ while popping.
12: elseif ((u; w) is an acceptableback edge) then
13: // addan ear to T R andTB .
14: Let v be u's nearestancestor(in T ) that is on the

currentTB andTR .
15: if ((vB (w) > vB (v)) ) then
16: ps := w; pt := v;
17: else
18: ps := v; pt := w;
19: end if
20: � (v; u) concatenatedwith (u; w) forms a path or

cycle (in casev = w) connectingw andv. Let this
path or cycle be (ps; x1; : : : ; xk ; pt ). Add ps !
x1 ! � � � ! xk to TB . Add pt ! xk ! � � � ! x1

to TR . Assign voltagess.t. vB (ps) > vB (x1) >
vR (x1) > � � � > vB (xk ) > vR (xk ) > vmax (ps).
Set vmax (x i ) := vR (x i ), i = k; k � 1; : : : ; 1.
vmax (ps) := vB (x1).

21: end if
22: end for
23: end while

node.In Line 1, we constructtheDFS treeT , which is shown
in Fig. 1(a) where solid edgesare tree edges and dashed
edgesare back edges. T R , TB , the queuemar kedQ and
the stack mar kedS are both initialized to empty. In Line
2, we mark node 1 and insert it onto T R and TB , as well
as into mar kedQ. We assignvoltagesat node 1 such that
vB (1) > vR (1) = 0. Also, we set vmax (1) := 0. In Line 4,
we dequeuenodeu = 1 from mar kedQ. Next, in Line 5, we
checkeachadjacentnodew of u (in theorder2, 3, 4, 5). With
w = 2, theconditionin Line 6 is not true,nor is thecondition
in Line 12. So control returnsto Line 5 with w updatedto 3.
Since (3; 1) is a back edge,the condition at Line 6 is true.
The WHILE-loop in Lines 8 through10 marksnode3, push
3 onto mar kedS, setsw = 2; thenmarksnode2, andpushit
ontomar kedS, setsw = 1; andexits theWHILE-loop (since
1 is alreadymarked).Thenin Line 11, nodes2, 3 arepopped
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from mar kedSandinsertedinto mar kedQ in thatorder. Now
control returnsto Line 5 with w updatedto 4. Since(4; 1) is a
backedge,the conditionat Line 6 is true. Node4 is marked,
pushedonto mar kedS, poppedfrom mar kedS, and inserted
into mar kedQ. Now control returnsto Line 5 with w updated
to 5. Similarly, node5 is markedandinsertedinto mar kedQ.
At this moment,the elementsin mar kedQ are2; 3; 4; 5.

Next we dequeuenode u = 2 in Line 4. We check each
adjacentnodew of u (in the order1, 3). For eachof the two
valuesof w, the conditionsin Lines 6 and 12 are both false.
So nodeu = 3 is dequeuedfrom mar kedQ.

We check eachneighborw (1; 2; 4; 6; 8) of u = 3. Since
(3; 1) is an acceptableback edge,the condition in Line 12
is satis�ed (with w = 1). So we will add an ear to T R and
TB . To �nd u's nearestancestoron T R and TB , we follow
the parentpointersu = 3 ! 2 ! 1 to �nd that u's nearest
ancestoron TR and TB is nodev = 1. Sincethe condition
(vB (w) > vB (v)) is not true, we set ps = v = 1 and pt =
w = 1. In Line 20, the links (1; 2) and(2; 3) areaddedto T B ,
thelinks (1; 3) and(3; 2) areaddedto T R . Now nodes2 and3
arealsoonTB andTR . Weassignthevoltagesfor nodes2 and
3 accordingto the rules of [11] suchthat vB (1) > vB (2) >
vR (2) > vB (3) > vR (3) > vmax (1). Now vmax (3) is set to
vR (3), vmax (2) is setto vR (2), vmax (1) is updatedto vB (2),
in thatorder. Now control returnsto Line 5 with w updatedto
2. Noneof theconditionsat Lines6 and12 is true.Socontrol
returnsto Line 5 with w updatedto 4. Similarly, noneof the
conditionsat Lines 6 and 12 is true. Now control returnsto
Line 5 with w updatedto 6. Since(6; 3) is a back edge,the
condition at Line 6 is true. Lines 8 through11 mark node6
and insert it into mar kedQ. Similarly, for w = 8, nodes8
and 7 are marked and insertedinto mar kedQ in the reverse
order. At this point, the nodesin mar kedQ are 4; 5; 6; 7; 8.
Following this way, additionalearsareaddedto T B andTR

in the following order: (1; 4; 3), (1; 5; 4), (5; 6; 3), (6; 7; 8; 3),
(5; 12; 7), (12; 13; 14; 7), (8; 9; 10; 8), (8; 11; 10). This leads
to the pair of red/bluetreesasshown in Fig. 1(b).

Lemma3.1: After eachexecution of the statementof the
WHILE-loop in Line 3 of Algorithm 2 (Line 4 throughLine
22), the following hold true.

1) If a nodeu is marked, thenall ancestorsof u in T are
alsomarked.

2) If a nodeu is on T R andTB , thenall ancestorsof u in
T arealsoon TR andTB .

If G is 2-edgeconnected,thenevery nodeof G will bemarked
andaddedto TR andTB at the endof the algorithm. 2
PROOF. Initially, only the root node s is marked and is on
TB andTR . Thereforethe two claimsof the lemmaaretrue.
Every time a node is marked during the WHILE-loop, we
alsomark all of its unmarked ancestors(seeLines 8 through
10). Thereforethe �rst claim of the lemma is true after the
executionof Line 4–Line 22.

Every time somenodesareaddedto T R andTB duringthe
process,we �nd eithera pathconnectingtwo nodes(w andv)
alreadyon TR andTB via somenodesnot yet on T R andTB ,
or a cycle consistingof exactly onenode(w = v) alreadyon
TR andTB andsomenodesnot yet on T R andTB . However,
the path or cycle chosenby the algorithm consistsof a tree

path(which is � (v; u)) concatenatedwith an acceptableback
edge(which is (u; w)). Before this path or cycle is addedto
TR andTB , nodev is alreadyon T R andTB . Thereforeall
ancestorsof node v are alreadyon T R and TB . When this
pathor cycle is addedto T R andTB , we addall thenodeson
the treepath � (v; u) (nodethat v is alreadyon T R andTB ).
Let y 6= v be a node that is on the tree path � (v; u) and x
be an ancestorof y in T . If y is on � (v; u), theny is added
to TR andTB togetherwith x. If y is not on � (v; u), theny
is also an ancestorof v, and thereforeis alreadyon T R and
TB beforethis step.This provesthat the secondclaim of the
lemmaholds true after eachadditionof a pathor a cycle.

Next, we will prove that every nodewill be marked at the
endof thealgorithm.To thecontrary, assumethatnodey is not
marked after runningAlgorithm 2. Without lossof generality,
we further assumethat all of y's ancestorsaremarked. Let x
denotethe parentnodeof y. SinceG is a 2-edgeconnected
graph, the edgehx; yi is not a bridge [25]. Thereforethere
exists a descendantz of y (in tree T ) and an ancestor�
of y (� could coincide with x) such that (z; � ) is a back
edge[23]. By our assumption,� is marked.At the time node
� is dequeuedfrom mar kedQ and the incoming back edge
(z; � ) is processedin Line 6 of the algorithm,every ancestor
of z (including node y) should be marked when we �nish
processingthe backedge(z; � ). The contradictionprovesour
claim.

Finally, we prove that every nodewill be addedto T R and
TB . We proved that every nodewill be marked. A nodev is
marked by our algorithmbecauseit hasan ancestorx which
is alreadymarked and a descendanty that has a back edge
(y; u) whereu is alreadyon T R andTB andis eitherx or an
ancestorof x. When nodey is dequeuedfrom mar kedQ, y
andall its ancestorsthat have not beenaddedto T R andTB

will be addedto T R andTB . This proves that every marked
nodewill be addedto T R andTB . 2

Theorem3.1: Assumethat G is a 2-edgeconnectedgraph
with n verticesandm edges.Algorithm 2 computesa pair of
single-link failure recovery treescorrectly. Furthermore,the
worst-caserunning time of the algorithmis O(m + n). 2
PROOF. It follows from Lemma 3.1 that when Algorithm 2
terminates,all nodesare addedto T R and TB . Eachtime a
path/cycle is found, we grow T R and TB accordingto the
voltagerules[11]. It follows from [11] that T R andTB form
a pair of single-link failure recovery trees.

Line 1 of thealgorithmconstructstheDFS treeT andcom-
putesthe correspondinginformation in O(m + n) time [23].
Line 2 requiresO(1) time. In the rest of the proof, we will
show that O(n + m) time is suf�cient for all executionsof
Lines3 through15.

Each node will be marked exactly once,pushedonto the
stack mar kedS, poppedoff the stack and insertedinto the
queuemar kedQ, and eventually dequeuedfrom the queue.
When a node u is dequeuedfrom mar kedQ, we examine
all the edgesadjacentwith node u. All theseexaminations
(when u loops over all nodesin G) requirea total execution
time of O(n + m). Whensomenodesaremarked in the inner
WHILE-loop on Line 7, thesenodeswill be pushedonto the
stackmar kedSandthenpoppedoff thestackandinsertedinto
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the queuemar kedQ. The time requiredfor theseoperations
is proportional to the number of nodesmarked during this
step.Thereforeall thesestackandqueueoperationscombined
requireO(n) time.Whensomemarkednodes(in a path/cycle)
areaddedto TR andTB , the time requiredto �nd thenearest
ancestorv and the time required to assignthe voltagesto
the nodesnewly addedto T R and TB is proportionalto the
numberof nodesnewly addedT R andTB . Thereforethetotal
time requiredfor addingnodesto T R andTB andassigning
voltages is O(n). This proves that the time complexity of
Algorithm 2 is O(n + m). 2

Notice that the O(n + m) time complexity of Algorithm 2
improves that of the correspondingalgorithm in [28] (which
representsthe currentbestalgorithm for enhancingQoP) by
a factorof O(n2), andimprovesthat of the algorithmin [11]
(which doesnot considerQoP) by a factorof O(n3=(n+ m)) .
In Section6 wewill seethat,onall testcasesconducted,Algo-
rithm 2 runssigni�cantly fasterthanothertwo aforementioned
algorithmswhile exhibiting performancecomparableto thatof
thecorrespondingalgorithmin [28], con�rming our theoretical
analysis.

4. REDUCING COST

In [28], Xue et al. presentedO(n2(m + n)) time algorithms
for constructinga pair of single-link/single-nodefailurerecov-
ery treeswith low total cost. In this section,we focuson the
caseof the problemwherethe costof the treesaremeasured
by thenumberof edgesused,andpresenttwo O(n + m) time
algorithmsfor constructinga pair of recovery treeswith low
total cost.The algorithmfor constructinga pair of single-link
failure recovery treesis listed asAlgorithm 3. The algorithm
for constructinga pair of single-nodefailure recovery treesis
listed asAlgorithm 4.

Algorithm 3 is similar to Algorithm 2 in thefollowing sense.
For eachdequeuednodeu, if it hasanincomingmaximalback
edge (w; u), we adda path/cycle, which connectsw's nearest
ancestoron the currentrecovery treeswith nodeu, onto T B

and TR . Recall that in Algorithm 2 an outgoingacceptable
back edge triggerssuchan operation.

Algorithm 3 andAlgorithm 2 differ in the following impor-
tant aspects.The goal of Algorithm 2 is to have moreearsin
theeardecompositionwhile thegoalof Algorithm 3 is to have
fewer earsin the ear decomposition.ThereforeAlgorithm 2
addsanearwhenever anacceptableback edge is encountered,
while Algorithm 3 addsanearonly whenamaximalback edge
is encountered.To enhanceQoP performance,Algorithm 2
usesa stack mar kedS to reversethe order of the nodesto
be addedinto the queuemar kedQ. This heuristicis not used
in Algorithm 3. Another differenceis that in Algorithm 3, a
nodeis marked if andonly if it is on both T R andTB . This
is not the casefor Algorithm 2.

In Line 6 of Algorithm 3, we needto checkwhether(w; u)
is a maximal backedge.This is not an O(1) time operation.
However, thetotal time requiredby all executionsof Line 6 in
the algorithm is O(n + m). This canbe accomplishedin the
following way. We cancheckwhether(w; u) is a backedgein
O(1) time. To checkwhetherbackedge(w; u) is a maximal

Algorithm 3 ReducedCostE(G; s)
1: ComputeDFS tree T rootedat s. Relabelthe nodesso

that D [v] = v for every nodev. Initialize T R andTB to
the empty tree. Initialize the queuemar kedQ to empty.
Every nodeis unmarked andunvisited.

2: Mark node s, insert it into mar kedQ and add it onto
TB andTR . Set the voltagesvB (s) andvR (s) suchthat
vB (s) > vR (s) = 0. Setvmax (s) := 0.

3: while (markedQis NOT EMPTY) do
4: Dequeuea nodeu from markedQ.
5: for (eachadjacentnodew of u) do
6: if ((w is neithermarked nor visited) and ((w; u) is

a maximalbackedge))then
7: // addan ear to T R andTB .
8: Let v be the nearestancestor(in T ) of nodew on

the currentTB andTR .
9: if ((vB (u) > vB (v)) ) then

10: ps := u; pt := v;
11: else
12: ps := v; pt := u;
13: end if
14: � (v; w) concatenatedwith the (w; u) formsa path

(or a cycle in casev = u) connectingu andv. Let
this path or cycle be (ps; x1; : : : ; xk ; pt ). From v
to w, mark eachunmarked nodeon this path and
insertit into thequeuemar kedQ; addps ! x1 !
� � � ! xk to TB ; addpt ! xk ! � � � ! x1 to TR .

15: Assign voltages s.t. vB (ps) > vB (x1) >
vR (x1) > � � � > vB (xk ) > vR (xk ) > vmax (ps).

16: Set vmax (x i ) := vR (x i ), i = k; k � 1; : : : ; 1;
vmax (ps) := vB (x1).

17: elseif (nodew is neithermarked nor visited) then
18: Recordw asvisited.
19: end if
20: end for
21: end while

back edge,we needto check the lowpoint numberof each
child nodeof nodew: (w; u) is a maximal back edgeif and
only if for any child nodex of w, nodeL[x] is not on T R and
TB (L [x] is not marked), whereL [x] is the lowpoint number
of nodex. This requiresa time proportionalto the degreeof
nodew. Since the sum of nodedegreesin a graph is twice
the numberof edgesin the graph,the total time requiredby
all executionsof Line 6 in the algorithmis O(n + m).

Using the above analysisand an argumentsimilar to the
one usedin the proof of Theorem3.1, we can show that the
runningtime of Algorithm 3 is O(n + m). Sincewe areusing
maximalbackedgesto addears,anda maximalbackedgeis
alsoanacceptablebackedge,we canuseanargumentsimilar
to thatusedin theproof of Theorem3.1 to prove thefollowing
theorem.

Theorem4.1: Assumethat G is a 2-edgeconnectedgraph
with n verticesandm edges.Algorithm 3 computesa pair of
single-link failure recovery treescorrectly. Furthermore,the
worst-caserunning time of the algorithmis O(m + n). 2
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Applying Algorithm 3 to the sample network shown in
Fig. 1(a) (ignoring edgedirections),we canconstructthe pair
of red/bluetreesT R andTB asshown in Fig. 1(c), wherethe
earsaddedare(1; 2; 3; 4; 5; 1), (3; 8; 7; 6; 5), (7; 12; 13; 14; 7),
and(8; 9; 10; 11; 8).

Computinga pair of singlenodefailure recovery treeswith
low cost can also be accomplishedin linear time. For this
purpose,we needthe concepttagged child of a nodede�ned
in the following.

De�nition 4.1: A child node v of a node u is called the
tagged child of u, denotedby t(u), if for any other child
w of u, we have either L [v] < L [w] or L [v] = L [w] but
D [v] < D [w]. We may simply say that v is a taggedchild, if
the parentnodeu canbe implied from the context. 2

Algorithm 4 ReducedCostV(G; s)
1: ComputeDFS treeT rootedats. Relabelthenodessothat

D [v] = v for every nodev. Sort thechildrenof eachnode
in nondecreasingorderof lowpoint numbers.Initialize T R

andTB to the emptytree.Initialize the queuemar kedQ
to empty. Every nodeis unmarked.

2: Mark nodes, pushit onto markedQ, andadd it onto T B

andTR . SetvoltagevB (s) > 0, setvmax (s) := 0.
3: while (markedQis NOT EMPTY) do
4: Dequeuea marked nodeu from markedQ.
5: for (eachunmarked child nodew of u) do
6: // addan ear to T R andTB .
7: while (w is not marked) do
8: Let t(w) be the taggedchild of w;
9: if (L [t(w)] < D [u] or L [t(w)] = 1) then

10: Mark nodew, insertw into mar kedQ;
w := t(w);

11: else
12: Mark nodew. insertw into mar kedQ;
13: if (vB (L [w]) > vB (u)) then
14: ps := L [w]; pt := u;
15: else
16: ps := u; pt := L [w];
17: end if
18: � (u; w) concatenatedwith (w; L [w]) forms a

path or cycle (in caseu is the root node)con-
nectingu and L[w]; assumethis path or cycle
be (ps; x1; :::xk ; pt ); add ps ! x1 ! ::: ! xk

to TB ; addpt ! xk ! ::: ! x1 to TR ;
19: Assign voltages s.t. vB (ps) > vB (x1) >

::: > vB (xk ) > vmax (ps); set vmax (xk ) :=
vmax (ps); vmax (x i ) := vB (x i +1 ), i = k �
1; : : : ; 1; vmax (ps) := vB (x1);

20: end if
21: end while
22: end for
23: end while

Notice that starting from a node u, we can go to a child
nodev of u andthenfollow sometreepathconcatenatedwith
a back edgeto reachan ancestorof u if and only if L [v] <
u. While we are searchingfor an ear starting from node u
along a tree path to a node v, we can check the lowpoint

numberof the taggedchild t(v) to seewhetherwe can go
further down the tree at v: we can go further down if and
only if L [t(v)] < u. Theconceptof taggedchild enablesus to
designan ef�cient algorithmfor constructinga pair of single-
nodefailure recovery treeswith low cost.Algorithm 4 is an
O(n+ m) time algorithmfor constructinga pair of single-node
failure recovery treeswith low cost.

Algorithm 4 is similar to Algorithm 3, but differs from it
in the following aspect:

1) Algorithm 3 dealswith link failurerecovery, while Algo-
rithm 4 dealswith nodefailurerecovery. In Algorithm 4,
we do not allow addinga cycle onto thecurrentT B and
TR except the �rst ear.

2) Algorithm 3 checksincoming back edges(Line 6) to
trigger a processof adding an ear onto the current
TB and TR (Lines 7 through16). Algorithm 4 checks
tree edges(Line 5) to trigger such a process(Lines 6
through21).Thereasonfor thechangeis thatwe cannot
guaranteethe ear triggeredby checkinga back edgeis
a path.Following the treeedges,we canguaranteethat
the endnodesof eacheararedifferent,except the �rst
ear.

3) Algorithm 4 sorts the adjacency lists so that the child
nodeswith smallerlowpoint numbersappearto thefront
of thelist (for child nodeswith equallowpoint numbers,
we break ties using their DFS number).This ensures
that the �rst child of a nodeis always its taggedchild.
In addition,this sorting(for all nodesin G) canbedone
in O(n) time usingbucket sort [5].

Lemma4.1: During theexecutionof Algorithm4, if a node
u is on TB and TR , thenall ancestors of u in the DFS tree
T will also be on T B and TR . 2
PROOF. Initially, only theroot nodes is on therecovery trees.
Therefore this property is true. Every time new nodesare
addedto the recovery trees,we adda pathor a cycle, where
thepathor cycle is formedby the treepath� (u; w) contacted
with a back edgefrom w to L [w]. Thereforethis propertyis
kept true after eachaddition of a path or cycle. This proves
the lemma. 2

Theorem4.2: Assumethat G is a 2-vertex connectedgraph
with n nodes and m edges. Then Algorithm 4 correctly
constructsa pair of single-nodefailure recovery treesT B and
TR in O(m + n) time. 2
PROOF. We will prove thecorrectness�rst. Sincethegraphis
2-vertex connected,the root nodes hasexactly one child in
theDFS treeT [5]. Thealgorithm�rst �nds a relatively long
cycle to addthe�rst earto T B andTR . Thecycle is relatively
long becausewe extendthe treepathby following the tagged
child as long as the lowpoint numberof the taggedchild is
not biggerthanthe DFS numberof the root node.This is the
only cycle that will be addedto T R andTB in the algorithm.

When node u is dequeuedfrom the queuemar kedQ in
Line 4 of the algorithm, u is alreadyon T R and TB . Let
w be any child of u. It follows from the property of DFS
treesof 2-connectedgraphs[5] that L [w] < D[u]. Therefore
we can�nd a treepathstartingfrom u to w andcontinuously
extendingthepathvia thetaggedchild aslong asthelowpoint
numberof thetaggedchild is smallerthanD[u] (ensuringthat
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we can reachan ancestorof node u). Let this tree path be
u ! w ! � � � ! v. This tree path, concatenatedwith the
maximal back edge(v; L [v]), forms a path from node u to
L [v] via nodeson the tree path from w to v. From the way
we extendthetreepath,we know thatL [v] < D [u]. Therefore
L [v] (the node whoseDFS number is equal to L [v]) is an
ancestorof u, which (recall Lemma 4.1) implies that L [v]
is also on TB and TR . Using the voltage rules of [11], we
can add the nodeson this path to T B and TR . Sinceevery
child nodeof u canbe addedto T B andTR in this way, the
algorithmwill addevery nodeonto T B andTR . This proves
the correctnessof the algorithm.

Next we will prove the linear time complexity of the
algorithm.Line 1 takesO(n + m) time to performDFS [23]
and to relabel the nodesso that D [v] = v. It also takes an
additional O(n) time to sort the children of eachnode (in
nondecreasinglowpoint numbers)using bucket sort [5]. Line
2 takes O(1) time. In the following, we will prove that the
total time requiredby Lines 3 through23 is O(n).

We �rst notice that each node will be marked, inserted
into the queuemar kedQ, andthendequeuedfrom the queue
exactly once. Each time a marked nodeu is dequeuedfrom
mar kedQ, we will addanear(to T R andTB ) corresponding
to eachunmarked child w of u. The earcorrespondingto the
unmarked child w of u is constructedby following the tree
edgecorrespondingto a taggedchild as long as the lowpoint
numberof the taggedchild is equalto 1 or smallerthanD[u].
Due to the pre-sortingin Line 1, the �rst child of eachnode
is guaranteedto be a taggedchild of that node.Thereforethe
time requiredto �nd an ear is proportionalto the numberof
nodesin the ear that are not alreadyon T R and TB . While
we are extending this ear, all the nodeson this ear will be
marked and insertedinto the queuemar kedQ (seeLines 10
and 12). The operationsin Lines 13 through19 also require
time proportionalto the numberof nodesin the ear that are
not alreadyon T R andTB . This provesthat the time required
to addan earonto T B andTR is proportionalto the number
of nodesin the earthat arenot alreadyon T R andTB . Since
the �nal TR andTB eachhasexactly n nodes,the total time
requiredby Lines 3 through23 is O(n). This proves that the
time complexity of Algorithm 4 is O(n + m). 2
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(b) red/bluetreesby Reduced-
CostV

Fig. 2. Sample2-vertex connectednetwork andcorrespondingred/bluetrees

We illustrate Algorithm 4 with the samplenetwork whose
DFS tree is shown in Fig. 2(a). In Line 1, T B , TR , and the
queuemar kedQ areall initialized to empty. We alsosort the
childrenof eachnodein nondecreasingorderof their lowpoint
numbers.In Line 2, therootnode1 is markedandinsertedonto

TB andTR , aswell as the queuemar kedQ. We alsoassign
voltagesat node1 suchthat vB (s) > 0, andvmax (s) = 0. In
Line 4, we dequeuenodeu = 1. Node u hasonly one child
w = 2, which is unmarked. Sincew's taggedchild t(w) = 3
haslowpoint numberL [t(w)] = 1, the condition in Line 9 is
true.Thereforewe marknodew = 2, insertit into mar kedQ,
and updatew so that w = t(w) = 3. Sincew's taggedchild
t(w) = 4 haslowpoint numberL [t(w)] = 1, the condition in
Line 9 is true. Thereforewe mark nodew = 3, insert it into
mar kedQ, and updatew so that w = t(w) = 4. Similarly,
node4 is marked and insertedinto mar kedQ. Next control
returnsto Line 7 with w = 5. Sincew's taggedchild t(w) = 6
haslowpoint numberL [6] = 2, the condition in Line 9 is not
true.Thereforewe mark node5, insert it into mar kedQ, and
�nd the ear 1 ! 2 ! 3 ! 4 ! 5 ! 1. We add the links
(1; 2), (2; 3), (3; 4) and (4; 5) onto T B , and the links (1; 5),
(5; 4), (4; 3) and (3; 2) onto T R . We assignthe voltagesfor
all nodesaccordingto the rules of [11] such that vB (1) >
vB (2) > vB (3) > vB (4) > vB (5) > vmax (1). Now vmax (5)
is setto vmax (1), vmax (4) is setto vB (5), vmax (3) is updated
to vB (4), vmax (2) is set to vB (3), vmax (1) is updatedto
vB (2), in thatorder. Herewe�nish thecheckof node1. At this
moment,the contentof mar kedQ is 2; 3; 4; 5. Following the
algorithm,we will addearsonto T B andTR in the following
order: 2 ! 9 ! 8 ! 7 ! 6 ! 5, 7 ! 12 ! 5, 9 !
10 ! 11 ! 8, 7 ! 14 ! 13 ! 12. This leadsto the pair of
red/bluetreesT R andTB shown in Fig. 2(b).

NoticethattheO(n+ m) time complexities of Algorithms3
and 4 improve thoseof the correspondingalgorithmsin [28]
(which representsthe currentbestalgorithm for constructing
a pair of red/blue trees with low total cost) by a factor
of O(n2). In Section 6 we will see that, on all test cases
conducted,Algorithms 3 and 4 run signi�cantly faster than
their correspondingcounterpartsin [28] and in [11].

5. MAXIMIZING BOTTLENECK BANDWIDTH

In [28], Xue et al. presentedO(nm) time algorithms to
constructa pair of singlefailurerecovery treeswith maximum
bottleneckbandwidth.In this section,we presentO(m logn)
time algorithmsto constructa pair of single failure recovery
trees with maximum bottleneck bandwidth. The key idea
here is to �nd the maximumbottleneckbandwidthand then
apply one of our linear time algorithms to construct the
recovery treesof thesubgraphobtainedby removing the links
whosebandwidthsare smaller than the maximumbottleneck
bandwidth.Therefore,it is worth noting that our O(m logn)
time algorithms can construct a pair recovery trees with
maximumbottleneckbandwidthas well as enhancedQoP or
QoSperformance,which have not beenaddressedby previous
works [11], [28].

An O(m logn) time algorithm for constructing the
maximum-bandwidthsingle-link recovery trees is presented
as Algorithm 5. To simplify the descriptionand analysisof
the algorithm, we assumethat no two edgeshave the same
bandwidth.This doesnot result in loss of generality, as the
IDs of edgescanbe usedto distinguishthe edgeswith equal
bandwidth.
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(b) red/bluetreesfor edgefailure recovery
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(c) red/bluetreesby nodefailure recovery

Fig. 3. red/bluetreesfor link/noderecovery with maximumbottleneckbandwidth

Theorem5.1: Assumethat G is a 2-edge connectedgraph
with n nodes and m edges. Then Algorithm 5 correctly
constructsa pair of single-link failure recovery trees with
maximalbottleneck bandwidthaswell asadditionalenhanced
QoP or QoS performancein O(m logn) time. 2
PROOF. Lines 1 through 14 of the algorithm compute the
maximumbottleneckbandwidthbmin suchthat the subgraph
G0 of G consistingof all edgeswith bandwidthvaluesat least
bB N is 2-edgeconnected.In Line 15, we apply Reduced-
CostE or EnhancedQoP to computea pair of single-link
failure recovery treesin G0. This provesthecorrectnessof the
algorithm.

Line 1 takesO(m logm) = O(m logn) time. Line 2 takes
O(1) time. The WHILE-loop in Lines 3 through14 performs
O(log m) = O(log n) iterations,whereeachiterationrequires
O(m) time [23]. Thereforethe time complexity of Lines 1
through14 is O(m logn) time. SinceLine 14 takesO(n + m)
time, the total time complexity of Algorithm 5 is O(m logn).
2

Let usillustrateAlgorithm 5 with thesamplenetwork shown

Algorithm 5 MaxBandE(G; s)
1: Sort all edgebandwidthvaluesin non-decreasingorder.
2: SetbL to the smallestbandwidthvalueof G; SetbU to 1

plus the maximumbandwidthvalueof G; DONE := 0;
3: while (not DONE) do
4: Let bM be the medianof all bandwidthssmaller than

bU , but not smallerthanbL .
5: Let G0 be the subgraphof G obtainedby removing all

edgeswhosebandwidthsaresmallerthanbM .
6: if (G0 is 2-edgeconnected)then
7: bL := bM ;
8: else
9: bU := bM ;

10: end if
11: if (there is no edgewhosebandwidthis smaller than

bU but not smallerthanbL ) then
12: DONE := 1; bB N := bL ;
13: end if
14: end while
15: Let G0 be the subgraphof G containing only edges

with bandwidthsat leastbB N ; Apply ReducedCostE or
EnhancedQoP on G0 to constructa pair of single-link
failure recovery trees.

in Fig. 3(a),wherethelabelof anedgeindicatesthebandwidth
of that edge. First, the algorithm computesthe maximum
bottleneckbandwidth (for 2-edgeconnectivity) to be 6. In
Line 15, we construct a 2-edge connectednetwork with
maximum bottleneckbandwidth 6. Next, we use algorithm
ReducedCostE to �nd a pair of single-link failure recovery
trees with low cost, basedon the subgraphwith links of
bandwidthsof 6 or more.TheresultingT B andTR areshown
in Fig. 3(b), wheresolid edgesarefor T B , anddashededges
are for TR .

Similarly, we can constructa pair of maximumbottleneck
bandwidthsingle-noderecovery treesin O(m logn) time.The
differenceis thathereweneedto �nd themaximumbandwidth
value B such that the subgraphof G inducedby the edges
with bandwidthat leastB is 2-vertex connected.Algorithm 6
shows how to constructsucha pair of recovery trees.

Algorithm 6 MaxBandV(G; s)
1: Sort all edgebandwidthvaluesin non-decreasingorder.
2: SetbL to the smallestbandwidthvalueof G; SetbU to 1

plus the maximumbandwidthvalueof G; DONE := 0;
3: while (not DONE) do
4: Let bM be the medianof all bandwidthssmaller than

bU , but not smallerthanbL .
5: Let G0 be the subgraphof G obtainedby removing all

edgeswhosebandwidthsaresmallerthanbM .
6: if (G0 is 2-vertex connected)then
7: bL := bM ;
8: else
9: bU := bM ;

10: end if
11: if (there is no edgewhosebandwidthis smaller than

bU but not smallerthanbL ) then
12: DONE := 1; bB N := bL ;
13: end if
14: end while
15: Let G0 be the subgraphof G containingonly edgeswith

bandwidthsat leastbL ; Apply Algorithm ReducedCostV
on G0 to constructa pair of single-nodefailure recovery
trees.

Theorem5.2: Assumethat G is a 2-vertex graph with n
nodesand m edges. Then Algorithm 6 correctly constructs
a pair of single-nodefailure recovery trees with maximal
bottleneck bandwidthas well as additional enhancedQoP or
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QoS performancein O(m logn) time. 2
For thesamplenetwork shown in Fig. 3(a),we �nd out that

the maximumbottleneckbandwidthfor 2-vertex connectivity
is 3. Applying algorithm ReducedCostV, we �nd a pair of
single-nodefailure recovery treesasshown in Fig. 3(c).

6. NUMERICAL RESULTS

In this section,we presentnumericalresultsto con�rm our
theoreticalanalysisof thealgorithms.Our implementationwas
basedon LEDA [13], a C++ class library. All tests were
performedon a 1.0GHzLinux PC with 1G bytesof memory.
We have implementedAlgorithm 2 of this paper(denotedby
QoP in this section),Algorithm 3 of this paper(denotedby
CostE), and Algorithm 4 of this paper(denotedby CostV).
We did not implement Algorithms 5 and 6 of this paper,
as they have beenproved to be optimal algorithms for the
bottleneckbandwidthmaximizationproblems.For purposesof
comparison,we have also implementedthe algorithmof [11]
for single-link failure recovery (denotedby MFBG-E), the
algorithmof [11] for single-nodefailure recovery (denotedby
MFBG-V), thealgorithmof [28] for enhancingQoP (denoted
by XCT-QoP), the algorithmof [28] for low cost single-link
failure recovery (denotedby XCT-CostE), and the algorithm
of [28] for low costsingle-nodefailure recovery (denotedby
XCT-CostV). Thesealgorithmsareevaluatedby thefollowing
performancemetrics: (1) quality of protection and running
time for single-link failure recovery trees,(2) total cost and
runningtime for single-linkfailurerecovery trees,and(3) total
costandrunning time for single-nodefailure recovery trees.

We used two kinds of test data for the evaluation. We
�rst used the randomly generatedgraphs used in [28] to
ensurefair comparisonwith the current best algorithmsfor
enhancingquality of protectionand reducingtotal cost [28].
Thesegraphshave three different values of the number of
nodesn: 50, 100 and 200. For eachvalue of n, the graphs
in [28] have two differentnumbersof edgesm: m = 3n and
m = n logn. This leadsto the following six network sizes
(given by n � m): 50� 150, 50� 282, 100� 300, 100� 664,
200� 600, 200� 1529. In [28], theauthorsrandomlygenerated,
for eachof the six network sizes,100 2-connectedgraphs.
For our �rst comparison,we have used those 600 network
topologies[28]. Fig. 4 shows the averageover 100 runs for
eachof the performancemetrics.Eachof the six sub-�gures
in this �gure containssix groupsof barswherethe �rst group
of bars(with x-axis label 1) shows the averageresultsfor the
100 topologieswith size 50 � 150, the secondgroup of bars
(with x-axis label 2) shows the averageresults for the 100
topologieswith size50� 282, the third groupof bars(with x-
axis label 3) shows the averageresultsfor the 100 topologies
with size100� 300, andso on.

Figs. 4(a) and 4(b) comparethe QoP performancesand
running times of the algorithms MFBG-E, XCT-QoP and
QoP on the randomlygeneratedgraphs.For betterviewing,
we normalized the QoP values of all algorithms by the
correspondingvalues producedby XCT-QoP in Fig. 4(a).
Similarly, we normalizedthe running times of all algorithms
by the correspondingvaluesproducedby QoP in Fig. 4(b).

From Fig. 4(a), we observe that algorithmXCT-QoP hasthe
bestQoP performancefor all six differentnetwork sizes.The
QoP performancesof algorithmQoP arearound90%of those
of algorithm XCT-QoP. From Fig. 4(b), we observe that on
theserandomlygeneratedgraphs,algorithm QoP runs much
fasterthanboth XCT-QoP andMFBG-E.

Figs.4(c)and4(d)comparethetotalcostvaluesandrunning
times of the algorithms MFBG-E, XCT-CostE and CostE
on theserandomlygeneratedgraphs.We normalizedthe total
cost values of all algorithms by the correspondingvalues
producedby XCT-CostE, and normalizedthe running times
of all algorithms by the correspondingvalues producedby
CostE. FromFig. 4(c),we observe thatalgorithmXCT-CostE
has the lowest total cost for all six different network sizes.
The total costsof algorithm CostE are within 1% of those
of algorithm XCT-CostE. From Fig. 4(d), we observe that
algorithm QoP runs much fasterthan both XCT-CostE and
MFBG-E. Figs.4(e)and4(f) comparethetotal costvaluesand
running times of the algorithmsMFBG-V, XCT-CostV and
CostV on theserandomlygeneratedgraphs.We have similar
observationsasin the caseof Figs.4(c) and4(d). The results
shown in Fig. 4 con�rm that, for the test casesusedin [28],
the algorithmspresentedin this paperrun much fasterthan
the correspondingcurrentbest algorithms[28] while having
performancescomparableto thoseof the currentbest.

Next, we evaluate the algorithms on network topologies
generatedby BRITE, a well-known network topologygenera-
tor [2]. BRITE providesseveralwell-known models(including
the Waxmanmodel [24]) for generatingreasonablenetwork
topologies. We adopted the Waxman model (with default
parametersprovidedby BRITE) to generaterandomnetworks.

We �rst evaluate the algorithmswith n �x ed at 100 and
let 2m

n take the values5; 6; 7; 8; 9; 10. For eachof thesesix
network sizes,we randomlygenerated100network topologies
usingBRITE. Fig. 5 shows theaverageover 100runsfor each
of theperformancemetrics.Eachof thesix sub-�guresin this
�gure containssix groupsof bars where the �rst group of
bars (with x-axis label 5) shows the averageresultsfor the
100 topologieswith averagenodedegreeset to 5, the second
groupof bars(with x-axis label 6) shows the averageresults
for the 100 topologieswith averagenodedegreeset to 6, and
so on.

As in the caseof Fig. 4, we have shown the normalized
QoP andtotal costvalues,aswell as the normalizedrunning
times. Here we observe that the resultsare very similar to
those presentedin Fig. 4: Algorithm QoP is signi�cantly
fasterthan MFBG-E and XCT-QoP, while having QoP per-
formancecomparableto that of XCT-QoP; Algorithm CostE
is signi�cantly fasterthan MFBG-E and XCT-CostE, while
having averagetotal cost comparableto that of XCT-CostE;
Algorithm CostV is signi�cantly faster than MFBG-V and
XCT-CostV, while having averagetotal cost comparableto
that of XCT-CostV.

Finally, we evaluate the performances and running
times of the algorithms on network topologies where
the number of nodes n takes on the following values:
100; 200; 300; 400; 500; 600. For eachvalueof n, werandomly
generated100 network topologiesusingBRITE, with the av-
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Fig. 4. Performance(a, c, e) andrunning time (b, d, f) comparisonof variousalgorithmson the network topologiesusedin [28]
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Fig. 5. Performanceandrunning time comparisonof variousalgorithmson network topologiesgeneratedby BRITE with n = 100 and 2m
n 2 [5; 10]

eragenodedegreesetto 2 logn (Similar resultswereobtained
with theaveragenodedegreesetto 6, andhencearenot shown
here).Fig. 6 shows the averageover 100 runsfor eachof the
performancemetrics.

Figs. 6(a) and 6(b) comparethe QoP performancesand
running times of the algorithms MFBG-E, XCT-QoP and
QoP on theserandomlygeneratedgraphs.As in the casesof
Figs.4(a),4(c),and4(e),we have normalizedtheQoP andto-
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Fig. 6. Performanceandrunningtime comparisonof variousalgorithmson network topologiesgeneratedby BRITE with n 2 [100; 600] andm = n log n
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Fig. 7. Performanceandrunningtime comparisonof variousalgorithmson network topologiesgeneratedby BRITE with n 2 [100; 4000] andm = n log n

tal costvalues.Unlike in thecasesof Figs.4(b),4(d),and4(f),
we did not normalizethe running times in Figs. 6(b), 6(d),
and6(f). From Figs. 6(a) and6(b), we observe that the QoP
performanceof algorithm QoP is around 90% of that of
algorithm XCT-QoP, while our algorithm runs signi�cantly
fasterthan XCT-QoP. Similar observations can be obtained
from Figs. 6(c) and 6(d) for low cost single-link failure
recovery trees, and from Figs. 6(e) and 6(f) for low cost
single-nodefailure recovery trees. In addition, we observe
from Figs. 6(b), 6(d) and 6(e) that algorithmsQoP, CostE
and CostV all have running times almost linear in n, while
their correspondingcounterpartsall have running times that
grow muchfasterwith n. This again con�rms our theoretical
analysis.

To study the scalability of the algorithms, we evaluated
the algorithms on larger graphsgeneratedby BRITE, with

n taking on additionalvalues1000, 1500, 2000, 2500, 3000,
3500, 4000. Fig. 7 shows the running times of various al-
gorithms on thesetest cases.For better viewing, we useda
cutoff point for the algorithms MFBG-E, MFBG-V, XCT-
QoP, XCT-CostE, andXCT-CostV whentheir corresponding
running times become10 times the running times of the
correspondingalgorithms reported in this paper. From this
�gure, we can clearly observe that the algorithmspresented
in this paperare signi�cantly faster than the corresponding
algorithmspresentedin [28] and [11].

7. CONCLUSIONS

In this paper, we have presentedfaster algorithms for
constructingapairof single-link(single-node)failurerecovery
trees with enhancedquality of protection, reducedcost, or
maximumbottleneckbandwidth.For enhancementof quality
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of protection,our new algorithmhasa linear time complexity
and exhibits a performancecomparableto that of the pre-
viously best O(n2(n + m)) time algorithm. The samecan
be said for the reductionof cost. For bottleneckbandwidth
maximization, our new algorithms improve the previously
best in terms of worst-caserunning time, from O(mn) to
O(m logn). We wish to emphasizethat theuseof theconcept
of ear decomposition[25] combined with the concept of
DepthFirst Tree[23] hasmadethe designof theseimproved
algorithmspossible.

In the literature, many schemesfor recovery from single
failure have beenproposed.Many of thoseschemes,although
originally designedfor guaranteedsinglefailure recovery, can
also provide recovery from multiple failures, provided that
the failuressatisfy certainpatterns.We intend to extend the
redundanttreeapproachto provide guaranteedrecovery from
multiple failures [3], [4], [17], [18]. Also, it would be of
interestto apply the techniquespresentedin this paperto the
domainof wirelessnetworks.
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